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Abstract

This thesis aims to study the Sturm-Liouville problem on the real half-line :

dS dS ’

{Rluzz ay-u0)+az-p@u'(0)=0

ue L%([0,+00))

where the second condition can be thought as a boundary condition at +oco. In Chapter 1, we
briefly recall the theory of the regular Sturm-Liouville problem on a compact interval [a, b]
and, in particular, the expansion theorem for L2%([a, b])-functions in terms of eigenfunctions
which is obtained as a corollary of Hilbert-Schmidt theorem. Our main goal in this thesis is
to generalize this theorem for the Sturm-Liouville problem on the half-line.

To that end, our first goal will be to study the feasibility of the above problem. This is de-
scribed by Weyl’s limit-circle and limit-point dichotomy and will be proven in Chapter 2 fol-
lowing the original proof of H. Weyl in [Wey10]. The treatment of the limit-circle case is ana-
loguous to that of the compact case and is done in Chapter 3, still following the 1910 paper
of H. Weyl. The general case however is more complex : the expansion theorem takes an inte-
gral form instead of a discrete one. This is studied in Chapter 4, where we define the integral
transform of a function f € L2([0, +o0)) and obtain the general expansion theorem as a conse-
quence of an inversion theorem. We later define the spectrum of the operator L and observe
that, contrary to the compact or limit-circle case, the sprectrum can be much more complex.
Section 5.1 will for example show that we can find a Sturm-Liouville operator L on [0, +00)
such that the spectrum of L is exactly [0, +oo) but no point of the spectrum is an eigenvalue.
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Notation

. Fdenotes R or C.
. Let ce C. We write c; or Rc the real part of c and write ¢, or Sc the imaginary part of c.

. Let U c R" be an open set, I c R be any interval and u be a o-finite measure on I. For
p €[1,+o00) and k € N, we denote by

(a)
chu,F) ={ f:U — F| f has continuous partial derivatives up to order k}

(b)
LP(LF,w)=1{f:1—F| fis ,u—measurable,flf(s)lpdp < +oo}/ ~
I

where f ~ g if f = g u-almost everywhere on 1.
(©
Cp(LE, ) ={f € C*(1,F) Ifllf(s)l’”du < +00}

Moreover, if F is not specified, then it is assumed to be R and if k is not specified, then
it is assumed to be 0. For example, C(I) will mean CY(I,R).

. Let [a, b] c R be a compact interval and let f : [a, b] — C. Let 22 be the set of partitions
o=1{a=xy)<Xx <..<Xp1<Xxy=D>b}of [a,b]. The total variation of f on [a,b] is
denoted by

n-1
V2(f)=sup Y If(xis1) - fx)l

o€ =1
If ch’ (f) is finite, we say that f is of bounded variation on [a, b].

. Let UcR" beopenand f € clun. Writing x = (x1, ..., X5) an element of R”, we denote
by

of
Jxi = o
the partial derivative of f with respect to the variable x;. If n = 1, we write
af
I — —_
f= dx

the derivative of f.






1§ The regular Sturm-Liouville problem

We briefly recall the theory of the Sturm-Liouville problem on a compact interval [a, b]. See
[Wal98] Section 27 and 28 for more details.

1.1 The general Sturm-Liouville problem on [a, b]

Let p(s) € C'([a, b)), p(s) >0 Vse€ [a,b],and g(s) € C°([a, b]). Let (a1, a») and (B, B2) € R?\{0}.
We consider the following nonhomogeneous linear differential equation

L( )—i( ()@())— (s)u(s) = g(s) € C°(la, b)) € [a, b]
u)=—-| P& () |- qls)uls) = gls a, b)), sela,

with real boundary conditions

Riu:=a-ul@+az -pl@u'(a)=acR
Rou:=B1-ub)+pP2-pb)u/(b)=PeR
This is called the general Sturm-Liouville (SL) problemon [a, b] and L is called a Sturm-Liouville
(SL) operator on |a, b].
The boundary conditions can be normalized by dividing the first condition by a% + a% >0 and

the second one by 2 + 55 > 0.

Proposition 1.1

Let L be a SL operator on [a,b]. Two solutions u'Y,u'® of Lu = 0 on [a, b] are linearly inde-
pendent if and only if ', £ u®) and (u®, % u®) are linearly independant everywhere on
(a, b].

In that case, {u™", u'?} is called a fundamental system for Lu = 0.

Proof. The Cauchy-Lipschitz-Picard-Lindel6f theorem about existence and unicity of solu-
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Chapter 1. The regular Sturm-Liouville problem

tions to differential equations implies that for all fixed 7 € [a, b], the map
du
u(s) — (u(r), — (1)
ds

is an isomorphism between the two-dimensional real vector space of solutions to Lu = 0 and
RZ. O

Proposition 1.2
Let L be a SL operator on |a, b] with boundary conditions Ry u, Rou. Two solutions u™V,u® of
Lu =0 on [a, b] both satisfying either Riu" = Riu® =0 or R,u'V) = Ryu® = 0 are colinear.

Proof. For example, if Ry uV =R, u® =0and as #0, then (w'D(a), %u“) (a)),i=1,2,areboth
colinear to (1, —a;/a>2). The proof is similar for the other cases. O

Proposition 1.3

Let L be a SL operator on |a, b] and let {uV, u®} be a fundamental system for Lu = 0. Then the
general SL problem on [a, b] with boundary conditions Ry u, R, u has a unique solution of class
C%(la, b)) Vg € C°([a, b)) and V a, B € R ifand only if the matrix

R u(l) R u(2)
RouV  Ryu®

is invertible. Moreover, this does not depend on the chosen fundamental system.

In that case, the problem is called non-degenerate.

Proof. Choose an arbitrary solution # to Lu = g on [a, b] and then modify it by considering
u* =i+ ru® +r,u® for some ry, 7> € R chosen so that Ryu* = Ryu* = 0. The coefficients
r1, 1, exist and are unique if and only if the above matrix is invertible.

2)

For another fundamental system v™ = y1u® +y,u®, v@ = y3u® 1+ y,u® for some y; € R,

we have
R U(D R, U(z) _ R, u(l) R, u(z) ) Y1 V3
Ry U(l) Ry U(z) Ry u(l) Ry u(z) Y2 VYa
where the rightmost matrix is a change of basis matrix. O

Proposition 1.4

Let L be a SL operator on |a, b] with non-degenerate boundary conditions. Let {uM, u®1 pe
two non trivial solutions to Lu = 0 such that Riu'V = Ryu® = 0. Then {u'V,u'®} forms a
fundamental system.

Proof. If u® is colinear to uV, then R;u'® = R,u®® = 0 and the non-degeneracy hypothesis
implies u® = 0. O



1.1. The general Sturm-Liouville problem on [a, b]

Proposition 1.5 (Green’s identity)
Let U c R be open and let p € C1(U),u, v e C>(U,C). Then

du
—[p-(u—- V_s)] =uL(v)-vL(w) onU

In particular, if Lu=Lv =0, then p - ( u% V- U% u) is constant on each connected component

of U.

Proof. This is easily checked by expanding both sides. O

Proposition 1.6
Assume that u, v € C?([a, b)) satisfy Riu= Ryv =0 (resp. R,u=Ryv=0). Then

(S)(u(S)@(S) - V(S)@(S))
p ds ds

evaluated at s = a (resp. s = b) is equal to zero.

In particular, if Ryu=Ryv=0and Ryu= R,v =0, then
b
f uL(v)-vL(u)dt=0
a
Proof. If as =0, then u(a) = v(a) = 0 and the equality is true. Else, as # 0 and

dv du 1
p(a)(u(a)%(a) - V(a)%(a)) =a; (Riv)ula)- (Riwv(a) =0

Proceed similarly for s = b. O

Theorem 1.7
Let L be a SL operator on |a, b] with non-degenerate boundary conditions. Let wu, u®} pe
two non trivial solutions of Lu = 0 such that R, uM = R,u® =0. We set

2) (1)
ds ds

c=p-(
and define the Green function on [a, b]? :

1,002 s<t
G(s,t)={c WU SSE 004, b % a, b)

cluP o uV@) s>t

For g € C%([a, b)),
b
u(s):f G(s,)g(t)dt

is of class C?([a, b)) and uniquely solves Lu = g on [a, b] with Ryu = Ryu = 0.



Chapter 1. The regular Sturm-Liouville problem

Proof. We have

s b

u(s) = c_lu(z)(s)f uV(ngnyde+ c‘lu(”(s)f u®gt)dt e C*((a, b))
a S

ld

ey b
- (s)f u®(ng(ndte C(a, b))
S

du,  _jdu® S _
%(S)_C T(s)fau (Ngdt+c p

i( (s)@(s))—c‘li( (s)dum(s))fsu(”(t) (t)dt+c‘1i( (s)d”m(s))fbu‘”(t) (Hdt
ds p ds a ds p ds a & ds p ds s &
du® du®
-1 . M a_ @) 0
+c p(s) ( s (Hu(s) s (Hu (S))g(S)EC ([a, b))
so that
s b
L(u)(s):c_lL(u(Z))(s)f u(l)(t)g(t)dtJrc_lL(u(D)(s)f u?(ng(ndt
du® du®
-1 . M ®)
+c " p(s) ( s (Hu(s) s (Hu (S))g(S)
=g(s)
Moreover,
b b
u(a):c_lu(l)(a)f u®(ng(ndt, u(b):c_lum(b)f uV(ngdte
du, . _jdu® b oo du  _du® B
%(a)—c s (a)fa u(Hg(ndt, a(b)—c T(b)fa u’(Ngnde
so that Ry u = R, u = 0. The uniqueness follows from the non-degeneracy of L. O

Definition 1.1 (Eigenfunction)

Let u € C?([a, b]) be non-trivial. We call u an eigenfunction for the SL operator L on [a, b] with
boundary conditions Ryu, Rou if Lu+ Au =0 and R, u = R,u = 0 for some A € R. In that case,
we call A an eigenvalue of L and the set of eigenvalues is called the spectrum of L.

Remark 1.8 (About multiplicity of eigenvalues)
Because of Proposition 1.2, each eigenvalue of L has multiplicity 1.

Remark 1.9 (About orthogonality of eigenfunctions)

Because of Proposition 1.6, any two eigenfunctions u, v associated to distinct eigenvalues are
L%([a, b)) -orthogonal. In particular, since L%([a, b)) is separable, the number of eigenvalues is
at most countable.



1.1. The general Sturm-Liouville problem on [a, b]

Remark 1.10 (About the zero eigenvalue)

The SL operator L on [a, b] with boundary conditions R; u, R, u is degenerate if and only if 0
is an eigenvalue of L. In the following, we will assume that L is non-degenerate, i.e. 0 is not
an eigenvalue of L, but note that the expansion Theorems 1.18 and 1.19 still hold if 0 is an
eigenvalue.

Indeed, if (A, u) is a pair of eigenvalue and eigenfunction for L on [a, b] with boundary con-
ditions R; u, Ry u, then (A +1, u) is a pair of eigenvalue and eigenfunction for the SL operator
L+mn-id on [a, b] with boundary conditions R; u, R, u. Since the number of eigenvalues of L is
at most countable, it is clear that we can choose 7 so that 0 is not an eigenvalue of L+ 7 -id.

The Green function allows us to characterize the spectrum of the linear operator L.

Lemmal.11
Let L be a SL operator on [a, b] with non-degenerate boundary conditions.

If A € R is an eigenvalue of L with associated eigenfunction u, then A # 0 and u:= —A"" is an
eigenvalue of the linear operator

T:C%a, b)) — C°(la, b))

b
f@) = (Tf)s) 1=[ G(s,0)f(n)dt

with associated eigenvector u.

Conversely, if u € R is an eigenvalue of T with eigenvector u € C°([a, b)), then u # 0, u €
C?([a,b)), Riu=Rou=0and Lu+Au=0 for A= —u~".

Proof. Assumethat Lu+Au =0, Ryu = Ryu =0, for some non-trivial u € C%([a, b]). Then A #0
by non-degeneracy. Moreover, if we set g := —Au, then Theorem 1.7 implies that v:= -ATu
is the unique solution to Lv = g on [a, b] with boundary conditions R, v = Ryv = 0. Hence,
u =—ATu by uniqueness.

Conversely, assume that Tu = pu for some non-trivial u € C°([a, b]). By Theorem 1.7, v :=
Tu € C?([a, b)) is the unique solution to Lv = u with boundary conditions Ry v = R,v = 0. In
particular, Lv is non-trivial so p # 0. From v = pu, we finally get u € C?([a, b)), Ryju = Rou =0,
puLu = u. O

The linear operator T has properties that allows us to describe topologically the spectrum of
L and obtain an expansion of arbitrary functions in terms of eigenfunctions.

Definition 1.2
Let (V,{-,-)) be an inner-product space on [ and let T : V — V be a linear operator. We say
that T is

1. bounded if sup{||Tv|| | |lv]| = 1} < +oo. This is equivalent to continuity of T.



Chapter 1. The regular Sturm-Liouville problem

2. compact if T(B;(0)) is compact. This implies boundedness.

3. self-adjoint if it is bounded and (Tv,w) = (v, Tw) Yv,w € V. In that case, the spec-
trum of T is real and any two eigenvectors not belonging to the same eigenspace are
orthogonal.

Proposition 1.12
The linear operator

T:(C°(a, b)), (- 2) — (C°(la, bl), (-, -) 12)

b
£ = (THs) ::f G(s, D f(dt

a

is bounded, compact and self-adjoint. Furthermore,

T(C%la, b)) = {ue C*(la,b]) | Ryt = Ryu = 0}

Proof. Boundedness follows from Cauchy-Schwarz inequality, self-adjointness follows from
the symmetry G(s, £) = G(¢, s) of the kernel and compactness follows from Arzela-Ascoli the-
orem (see [Wal98] Section 28, Lemma XI or the proof of Proposition 2.23 which can easily be
adapted and does not require proving L?-compactness of T first). The inclusion T'(C%([a, b])) c
{ue C%(la, b)) | Riu = Ryu = 0} follows directly from Theorem 1.7 and the reverse inclusion
follows from the same theorem applied to g:= Luforue{ve C?(la,b) |Riv=Rv=0}. O

Proposition 1.13 (Bessel’s inequality and Parseval’s identity)
Let (V,{-,-)) be an inner-product space onF, F =R or C, and let (un)fyzl c V, where N e Nu
{+o0}, be an orthonormal sequence. Then forany weV :

N
Kw, u) > <|lwll>  (Bessel’s inequality)
k=1

Furthermore, this is an equality (i.e. Parseval’s identity holds) if and only if w can be repre-
sented as the following limit in (V, |||l ) :

n
w=lm Y (w,ug) u
n—»Nk:1

ie.
n

lim ||w - w, u =0
nLNII kgl ( k) Ukl

Proof. Observe that by orthonormality of (un)lryz1 :

n n
Nw— Y (w,u) ugll® = lwll* = Y Kw,up)*=0VneN,n< N
k=1 k=1



1.1. The general Sturm-Liouville problem on [a, b]

O

Remark 1.14
The orthonormality of (un)lr)’:1 and Bessel’s inequality imply that for any w € V, the sequence

N

n
( (w, ug) uk) cV
k=1 n=1

is a Cauchy sequence. If (V, [|-||;.y) is a complete space, then this sequence converges in V.

Theorem 1.15 (Hilbert-Schmidt)

Let (V,{-,-)) be an inner-product space on F and let T : V. — V be a linear, compact and self-
adjoint operator. Then there exists a countable sequence of eigenvalues (un)ﬁyzl, where N €
N U {+o0}, such that

[tn+1l < lpnl VrneN and nl_iglooun =0ifN=+o0

as well as a sequence of associated eigenvectors (un)ﬁ;’:l < V\{0} such that U = {un}»Q’:1 forms
an orthonormal set and such that any w € Im T can be represented as the following limit in
Villl¢,)

n
SRR P

(W, u) ug
k=1

Moreover, if (V'<"'>V) denotes the completion of (V,{:,-)y) and T(V) c V is dense, then this
representation holds for every we V.

Remark 1.16
T(V) c V is dense if and only if T(V) < V is dense.

Proof. See [Wal98] Section 28, Theorem VII for the first part and [Sar98] Theorem 1.5.2 for
the second part.

The difficult part of the proofis to construct an eigenvector u; of T, ||u; || = 1, associated to an
eigenvalue py = +||T||. Then, we restrict T to the subspace V; = span(ul)l and proceed the
same way to find an eigenvector uy of Tjy,, ||u2|| = 1, associated to an eigenvalue i such that
lu2l = 1Ty, |l = IT]|. Next, we define V5 = span(u;, u»)* and proceed similarly by induction to
get our sequences (,un)lry:l, (un)],yzl. The compacity of T applied to the uniformly bounded
sequence (un)],:]:1 shows that nl—i>I-il:looun =0if N = +o00. Then, for w=Tv e Im T, we have

k k
w=Y (wupyun=Tv=> (Tv,un) uy
n=1 n=1
k
=Tv-) (v, Tuy) un
n=1
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k
=Tv—- Z Un U, up) uy € Vi =span(uy, ..., uk)L
n=1
so that
k k
lw=">_ (w,un) unllv Tl -[lv =Y (0, un) unlly < 2lugl-lvlly — 0as k — +oo
n=1 n=1
where we used the boundedness of T, || = [T}y, || and Bessel’s inequality. This concludes

the proof of the first part of the theorem.

As for the second part, this is a simple density argument. By Proposition 1.13, it suffices to
show that Parseval’s identity holds for elements of V. Let w € V be fixed and let (Wm)52, <
T(V) be a sequence for which :

lim ||w,,-—w|l+=0
lim[[wy - wlly

By the first part of the theorem, Parseval’s identity holds for the w),’s :
+00 +00

2 2 2 2
Z <wrnyun>V: Z (W, un)y = lwmlly, = ||wm||va€N
n=1 n=1

Since w;, converges to w in v, ¢, -)7), the right-hand side converges to || w| IZV.

As for theleft-hand side, observe that by Bessel’s inequality, 77 | (w, un)zv and Y57 (wp,, un)zv
converge absolutely for any m € N and that

Y wmun)? = Y W un)? =Y (Wi tn) = (W, tn)) - (Wi, Un) + (W, U))
n=1 n=1 n=1

=) (W — W, Up) - Wy + W, Up)

n=1
() ) 1/2 0o , 1/2
< Z(wm—w,un>) ~(Z<wm+w,un>
n=1 n=1
) (B)

where we used Cauchy-Schwarz inequality and wrote ¢:,-) = {:, a7 for simplicity. By Bessel’s
inequality, (B) is uniformly bounded and

o0
(A=Y (wp — w,up)* < |lwp - wlI%—»OaS m— +00
n=1

Remark 1.17 (Consequences of Hilbert-Schmidt Theorem)
In particular, the theorem implies that

1. N < +ooifand only if Im T is finite-dimensional.

10



1.1. The general Sturm-Liouville problem on [a, b]

. Each non-zero eigenvalue y of T appears in the sequence (,un)],y:l. Indeed, if that were
not the case, for w € V' \ {0} such that Tw = pw, we would have w € Im T so that

n n
w=’}%]§i(w,uk>uk=’}%]§i0-uk=0
by orthogonality of eigenvectors belonging to different eigenspaces.

. Tl = |p1| = max{|ul | p is an eigenvalue of T?}.

. Each eigenspace ker(T — ulI) of T with y # 0 is finite-dimensional. Observe however
that this result holds for any compact linear operator from a Banach space into itself.
This is a consequence of Riesz’s Lemma.

. The dimension of an eigenspace ker(T — pI) with u # 0 is equal to the number of oc-
curences of y in (un)gzl. Indeed, for an eigenvector w of T with eigenvalue u # 0, we
have Tw = pw so that we Im T and

n
w = lim Z (w, ug) uy = Z (W, ug) ug
N3 k:pe=p
by orthogonality of eigenvectors belonging to different eigenspaces. In particular, the
set {uy, | 4, = pu} forms an orthonormal basis for ker (T — uI).

. Let (z/n)],;/:l c V be any other orthonormal sequence of eigenvectors with associated
sequence of eigenvalues (vn)fyzl c R\ {0} and assume that the sequence is complete

in the sense that any other eigenvector v € V' \ker T can be written as a finite linear

N

combination of elements of {v,},_,.

Then nlil}} vy = 0 if N = +o0 by compacity of
—+00

T and any w € ImT (or any w € V if T(V) c V is dense) can be represented as the

following limit in (V,||-l¢.,.) :

n
w=lim Y (w,vg) vk
n—N;—|

Using (3.) and nliervn = 0, convergence is proven exactly in the same way as in the
proof of Hilbert-Schmidt Theorem.

Theorem 1.18 (Expansion theorem)
Let L be a SL operator on [a, b] with boundary conditions Ryu = Rou = 0. Then there exists a
countable sequence of eigenvalues (1,)5_, such that

Ane1l = 1Al VREN and lim |A,| =+oo
n—+oo

as well as a sequence of associated eigenfunctions (u,)5., < C?%(la, b)) such that U = {unts,
forms an orthonormal set in (C°([a, b)), {-,-)2) and such that any w € C?([a, b]) with Ryw =

11



Chapter 1. The regular Sturm-Liouville problem

R, w = 0 can be represented as the following Fourier series in (C°([a, b)), ||||2):

n
w= lim Z(w,uk)uk
—>+ook:1

In fact, we also have absolute and uniform convergence of the series on [a, b].

Proof. This is a consequence of Hilbert-Schmidt Theorem. For the absolute and uniform
convergence, see [Wal98] Section 28, p.297, or the proof of Theorem 3.10 which is essentially
the same. O

Theorem 1.19 (Expansion theorem for L? functions)
Let L be a SL operator on [a, b] with boundary conditions Ryu = Rou = 0. Then there exists a
countable sequence of eigenvalues (1,,)5, such that

A1l = 1Al VReN and lim |A,] = +oo
n—+oo

as well as a sequence of associated eigenfunctions (u,)$., < C?%(la, b)) such that U = {unt,
forms an orthonormal set in (L?([a, b)), {-,-)12) and such that any w € L*([a, b)) can be repre-
sented as the following Fourier series in (L2([a, b)), ||| [12) :

n
w= lim W, U U
Jim 3

Proof. See the second part of Theorem 1.15. O

12



¥4 The singular Sturm-Liouville problem

Let p(s) € C1([0,+00)), p(s) >0 Vs € [0,+00), and g(s) € C°([0, +00)). Let uV(s), resp. u?(s),
be solutions to the homogeneous linear differential equation

L(u)—i( (s)@)— (Hu(s)=0, s=0
“as\PWas) 1 =0 8=

with initial conditions

u(©) =1, [p(s)@ =0 @.1
ds s=0
resp.
u(0) =0, [p(s)@ ~1 2.2)
ds s=0

Then {1V, u®} forms a fundamental system for Lu = 0.

We now introduce a parameter A and consider the differential equation
Lw)+Au=0,s=0 (2.3)

The solutions u® (s, 1), resp. u® (s, 1), of equation (2.3) satisfying the boundary conditions
(1.1), resp. (1.2), are obtained from a complex Sturm-Liouville problem with g(s) — A instead
of q(s).

Let & € [0, ) be fixed for the rest of this work. We form
¢(s,A) = —sin(h) - uM (s, 1) + cos(h) - u® (s, 1). (2.4)

Then ¢ (s, 1) is nothing other than the solution of (2.3) satisfying the initial conditions

p(s)% =cos(h)

S ls=0

u(0) = —sin(h),

In other words, ¢ (s, A) is the only solution (up to a scalar factor) of (2.3) satisfying the bound-
ary condition

Riu=

. du
cos(h) - u(s) +sin(h) - p(s)—] =0 (2.5)
ds s=0

13



Chapter 2. The singular Sturm-Liouville problem

We examine (2.3) first for a fixed A € C\R.

We form the two particular solutions

P(s,A) = —sin(h) - u (s, 1) + cos(h) - u® (s, 1) =:n(s, 1) =:(s) (2.6)
cos(h) - u! (s, 1) +sin(h) - u® (s, 1) =:0(s, 1) =: (s) @2.7)

Remark 2.1

The pairs (n(s,1),ns(s,A)), (B(s,1),0,(s, 1)) are continuous on [0, +c0) x C and for any fixed
So = 0, they are holomorphic with respect to the parameter A (see [Wal98] Chapter 3, Section
13 or [Lev55] Chapter 1, Section 8).

Notation
If c € C, then we write ¢ the real part of ¢ and ¢, the imaginary part of c.

Furthermore, we define

(uv):=p(s) u(S)@(S)—V(S)@(S)
=P ds ds

and write (1uv), when this expression is evaluated at s = a.

Proposition 2.2
The map (-,-) satisfies the following calculation rules :

1. (uv)+(vu)=0, (uu)=0.

2. () is bilinear.

3. Thereal and imaginary parts of (uv) are (u; v1)— (U2 v2) and (uy v2) + (uy, V1) respectively.
4. (uu) =2i(uy, uy).

5 Ifu,ve C2([0, a],C), then Green’s identity holds :

f (uL(v) —vL(w) dt = (uv)s — (uv)o, s€[0,al
0

In particular, foranyAeC :

(@) Ifu,v both solve Lu+ Au=0 on 0, al, then (uv) is constant on [0, al.

(b) Ifu solves L(u) + Au=0o0n |0, al, then
N
/12[0 lulPdt = (upur)s — (2u1)o, s€ [0, al (2.8)

14



2.1. Weyl’s limit-point and limit-circle theorem

6. Ifu,v € C?([0, al,C) satisfy

{m ‘u(s)+az-p)u'(s) =0

ay-v(s)+az-pv'(s) =0
forsome s €[0,a] and (a1, a) € C2\ {0}, then (uv); =0.
It follows from (2.1) and (2.2) that
On)o =1

and it follows from Green’s identity that
@m=1

as well.
For [ € C, we define
BLs) = BLs, ) :=0(s, )+ [-1(s,A)

Then it also holds that
Bm =1 (2.9)

2.1 Weyl’s limit-point and limit-circle theorem

In this Section 2.1, A € C\R is fixed. Let a > 0. We consider the general Sturm-Liouville
problem L(u) + Au = 0 on [0,a] and then observe that by passing to the limit, we find a
square-integrable solution on [0, +00). We will follow the original proof of Weyl that appears
in [Wey10].

Theorem 2.3 (Existence of a real boundary condition for /)
There exists j € [0, ) such that ﬁl solves Lu + Au = 0 with real boundary condition

Royu:= cos(j)-u(s)+sin(j)-p(s)% =0 (2.10)
s=a

if and only if | lies on the circle C, described by its diametrically opposed points

I* = i(enl)a
(M21m1)a
and
_ (67]2)11
T Mana

If A, > 0, they are respectively the highest and lowest points of C, and if A, <0, they are respec-
tively the lowest and highest points Cg.

Moreover, for | € Cg, the associated j € 0, 7) is unique and the map l € C,— j(I) € [0,7) isa
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Chapter 2. The singular Sturm-Liouville problem

bijection.

Proof. Condition (2.10) breaks down into

cos(j)- B (a) +sin(j)-p(s)ﬁ(a) (2.10.1)

cos(j) - BL(a) +sin(j) - p(s)ﬁ(a) (2.10.2)

Both equations have two unknowns, namely /; and l». Therefore, they respectively describe
either C, @, or a straight line in C.

We show that (2.10.1) and (2.10.2) are two straight lines forming a right angle. Observe first
that we can find a point [* of (2.10.1) such that

pi (@) = p(s) ﬁl} =0
Since
O o [nz(a)(ﬁ{*m)a—m(a)(ﬁ{*nz)a]
[p(S) ﬁl] [ @By )a~ ”1(a)(ﬂi*nz)a]
(nlel)u ds
and

M2n1)a = M2n1)a— (M2m1)0 = lzfou Inl>ds#0
itis enough to find [* such that
(B m)a= (B n2)a=0 (2.11)
By (2.9), (ﬁl N2)a= (,32 11)a» SO it suffices to find I* such that
= (B" m)a= N0+ 1" M211)a

A point I, of (2.10.2) is found similarly by looking for /.. such that

1*

2
=0
ds ]
S=a

B (@) =0, [p(S)
or sufficiently enough such that

Bhna=BEn)a=0 (2.12)
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2.1. Weyl’s limit-point and limit-circle theorem

We consider next the affine transformation

Aj :C—>C
d I
1—cos(j)- f'(a) +sin(j)~p(a)d—'i(a)

= (cos(j) -O(a) +sin(j) - p(@)0'(a)) +
1-(cos(j) -n(a) +sin(j) - p(a)n (a))

This transformation maps {/ € (2.10.1)} into iR and {/ € (2.10.2)} into R. Furthermore, it is non
constant. Otherwise, we would have A; =0, i.e.

cos(j)-0(a) +sin(j)-p(a)f'(a) =0
cos(j)-n(a) +sin(j) - p(a)n'(a) =0
which implies (n0), = 0 : a contradiction.

In particular, we deduce that A; is bijective. Thus, there is a unique point [ = [(j) such that
Aj(l) =0, i.e. a point satisfying (2.10). Therefore, (2.10.1) and (2.10.2) are two straight lines
intersecting at a single point /. Since A; preserves lines and angles, we deduce

Aj({l€(2.10.D}) = iR, Aj({le(2.102)) =R

and (2.10.1) intersects (2.10.2) at a right angle.

Finally, we let j vary over [0, 7). Since

1) = = cos(j) -0(a) —sin(j) - p(@)0'(a)
J cos(j)-n(a) +sin(j) - p(a)n'(a)

B Az+ B
" Cz+D

with z = cot(j) varying over R, the set of admissible j must be a circle C,. Since every point of
this circle is obtained by the intersection at a right angle of a line coming from [* and a line
coming from /., we deduce that [* and [, are diametrically opposed points of C, that differ

by a pure imaginary number
i

fel,=—¢€iR
(M21m1)a
which belongs to iR if 12 > 0 and to iR« if 1, < 0. O
Remark 2.4 (On the diameter of C,;)
C, has diameter
1 a 3
2rg=" =1, |=——=(|A |f Ini%ds (2.13)
a ] - (el J Inds)
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Chapter 2. The singular Sturm-Liouville problem

Theorem 2.5 (Weyl’s limit-point, limit-circle theorem)
The circle C, lies in the half-plane {l € C: A 1, > 0} and contains every other circle Cy, with
b > a. Therefore, C, either shrinks to a limit-circle or to a limit-point as a — +oo.

Proof. Initial conditions for 6,7 yields (,Blﬁ)o =(-1and by property (4) of (-,-) :

(BLB0 = —%(ﬁ’ﬁ)o = —é(?— D =—1 (2.14)

If I € C,, conditions (2.10.1) and (2.10.2) are satisfied for some j € [0,7) and those imply
(ﬁéﬁi)a = 0. Thus,

a
A3l =27 (848D~ (BB = fo IB'Pds >0
proving the first assertion.

Thus, we have proved that the equation
a
f IﬂllzdSZ/lgllz, leC (2.15)
0

is satisfied by all / € C,. Since

a a a__ _ ra a
f|ﬁl|2ds=|l|2f |n|2ds+lf 91;ds+lf 9ﬁds+f 10%ds, VIeCVa>0  (2.16)
0 0 0 0 0

we deduce by completing the square that (2.15) is precisely the cartesian equation describing
Cg. Therefore, relaxing the equality constraint for an inequality

a
f 1B 12ds < A; 1, 1eC
0

should either give the interior of the circle or the exterior of the circle.

In fact, it gives the interior of the circle. Indeed, the point [ := 0 ¢ C, satisfies
a a
f Iﬁllzds:f 0 1ds>0=15L=21,"1
0 0

Now let b > a and let [ € Cy,. Then [ lies in the interior of C, by monotonicity of the integral :

b a
/12‘112=f0 |,Bl|2ds>f0 B! 1%ds

Remark 2.6 (On the holomorphicity of [ with respect to 1)
Let j € [0,7) be fixed. For a >0 and A € C\R, consider the unique /,(1) € C,4 ; given by

L) = —cos(j)-0(a,A) —sin(j) - p(@)0'(a, )
T Teos() (@ D) +sin(j) - pl@' (@A)
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2.1. Weyl’s limit-point and limit-circle theorem

For a fixed a > 0, ,(A) is holomorphic on C\R as it is a well-defined quotient of holomorphic

functions. Moreover, the family of holomorphic functions (/;(1))4>1 is uniformly bounded

on every compact subset of C \ R. By Montel’s Theorem (which is a corollary of Arzela-Ascoli

Theorem), this family is normal so that for every unbounded and increasing sequences (an)‘,’f:1
in R, there exists a subsequence (ank)%":1 for which (lunk (/1))2":1 converges uniformly on ev-
ery compact subset of C\ R to some holomorphic function m(A) defined on C\R. In the

limit-point case, the limit function is unique in the sense that it does not depend on j, the

sequence (a,)5., and its subsequence. In the limit-circle case, this is not the case.

Observe also that (1) = I,(A) and this property is preserved at the limit.

Notation
For a circle C,, we denote D, the compact disc with boundary C,,.

In the limit-circle case, we denote Cy, the limit-circle and Do, the limit-disc with boundary
circle Cyo.

In the limit-point case, we denote I/, the limit-point.

Remark 2.7 (Characterization of C, and D)

In particular, we have shown
a
Ca:{ZECIf 1! 12ds = A5 1) (2.17)
0
a
Da:{leﬁlf 18! 12ds < A7 1) (2.18)
0

Furthermore, the inclusion Dy, < D, for b > a yields

+00
lo€ Da:{IECIf 1B'Pds < A, 1}
a>0 0
+00
Dec [ Da=1{leC]| 1B!12ds < ;1)
a>0 0

in the limit-point case and limit-circle case respectively.

Corollary 2.8 (Weyl alternative)
Let A € C\R be fixed. For the equation L(u) + Au = 0 on [0, +o0), exactly one of the following
situations happens :

1. Limit-circle case : Every solution to L(u) + Au =0 on [0, +o0) is square-integrable.

2. Limit-point case : There is only one (up to a scalar factor) square-integrable solution to
L(w)+Au=0o0n(0,+00).

Proof. Let [ be the limit-point or [ be in the limit-circle. Then {n, 8’} forms a fundamental
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Chapter 2. The singular Sturm-Liouville problem

system of solutions for L(u) + Au =0 on [0, +00).
In the limit-circle case (i.e. r4 — r'oo > 0), B¢ € L?([0, +00),C) and i € L?([0, +o0), C).

In the limit-point case (i.e. r, — 0), B! € L?([0, +00),C) but n ¢ L?([0, +00),C). O

Remark 2.9

We will show in Section 2.3 that the alternative generalizes to real values of 1 and that it is
independent of A, i.e. if 1. (resp. 2.) holds for one particular value of 1* € C, then it holds for
any other A € C.

Theorem 2.10 (Characterization of the limit-point and limit-circle)

We have
+00
o=1l€C |f 1B 12ds = A7 1o} (2.19)
0
+00
o=1l€C |f 1B 12ds = A7 1o} (2.20)
0
+00
Do =1{l€C |f 18!Pds < A5 1o} (2.21)
0

in the limit-point case and limit-circle case respectively.

Proof.
We prove (2.20) first. The equation for (2.21) follows as in the proof of Theorem 2.5.

Let | € Cw and let (I,)}., = C be a convergent sequence such that I, € C,, Vn € N and
nhI-P I, =1. Forall neN, it holds that
— 100

n
|18 as =251
Since 1, 6 are L?([0, +o0), C) functions, the left-hand side converges to
" a2 O e
ngrgoofo g ds=f0 B12ds

by (2.16) and the right-hand side converges to A, .

Next, we turn to (2.19). We already know that

+00 I 9
fo B 12ds < 15" ()2

Let I, denote the center of C,. Notice that

a
folﬁl|2ds—)tz‘llg=0, f'”' ds(|l— 1> ~72)=0
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are both cartesian equation of the circle C, with the same coefficient in front of lf and lg.
Therefore,

a a
flﬁllzds—/lz_llng In?ds(|1-1,1* - r2), YleCVa>0 (2.22)
0 0
2 [ 2 1
Z—raf nl“ds=—-=r,4
0 2
Letting a — +o00, we get
+oo 1
f Iﬁllzds—/lg_llzz—iroonec
0

which gives the wished inequality for ! = [, in the limit point case 7o, = 0. O

Corollary 2.11
If 1 is the limit point or | € C, (an)n=1 < Rso is an increasing and unbounded sequence, and
(ln)52, < C is a convergent sequence such that l, € Cq, VneN and nlirP l, =1, then

—+00

an +00
lim |/3’n|2ds=f 1Bl 12ds
0

n—+oo Jo

In particular,
+00

lim 18" x(0,a, — B'1?ds =0

n—+oo Jo

Proof. The first assertion follows from equations (2.17), (2.19) and (2.20).

The second assertion is a consequence of the following Lemma from measure theory : O

Lemma 2.12
Let (fn C,’l"zl c LP(R), 1 < p < +oo, and assume there exists a measurable f such that

1. lim f;, = f almost everywhere onR.
n—+oo

2. nEToofR|fn|p = JglfIP.
Then
i J =70
2.2 The Green function for Lu+ iu =0 on [0, +00)

Theorem 2.13
Let A € C\R be fixed. For a> 0, | € C, we consider the unscaled Green function on [0, a)? :

ns, VBt O<s<t<a

Gl(s, t,A):=
Bls, )n(t,)) a=s>t=0
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Chapter 2. The singular Sturm-Liouville problem

For g € C°(10,al,C),
a
u(s) :f Gl(s,t, )g(r)dt
0

is of class C?([0, a], C) and solves
Lu+Au= (n,Bl)og =-g

on [0, a]l with boundary condition (2.5).

Moreover, ifl € C, », then u(s) uniquely solves Lu+Au = — g on [0, al with boundary conditions
(2.5) and (2.10) (where j = j(1) € [0, 1) is uniquely given by Theorem 2.3).

Proof. Proceed as in the proof of Theorem 1.7. O

Notation
For the rest of this Section 2.2, the parameter A = i is chosen and for simplicity, we will write
Gl(s,0):=Gl(s, 1,1).

Theorem 2.14
Let G{ (s,t) and Gé (s, t) denote respectively the real and imaginary part of G (s, t).

Leta>0andle Dg,. Forallve C°([0,al) with [ v’ds <1, we have

1 a a l 1
—— sf f G, (s, Dv(v()dsdt =< - (2.23)
2 o Jo 2
a a
Osf f Gl(s, Dv(s)v(Hdsdt <1 (2.24)
0o Jo
Remark 2.15

Let T: V — V be alinear, compact, self-adjoint operator from an inner product space (V, ¢, -))
into itself. Then it follows from Hilbert-Schmidt Theorem that

T :=sup{l|Tv|| : |lv|]l <1}
=sup{{Tv,v| : llvl| =1}

=sup{|A| : Ais an eigenvalue of T}
and, assuming that T'(V) is dense in (V, (:,-)y), it also follows that
(Tv,vy=0VveV < {eigenvalues of T} [0, +00)
Let [ € C, first. We look at Gf (s,1),1=1,2, as asymmetric kernel on I = [0, a] and define
Ta,i: (C°(10, al), ¢, ) 2) = (C°(10, @), ) 2)

[= Taif)(s) :=f0 Gl(s, 0 f(n)dt
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to be the associated bounded, compact, self-adjoint integral operator. It can be proven, quite
similarly to Theorem 3.3, that T,>(C°([0, al)) is dense in (C°([0, al), {,-);2). Then for I € C,,
the theorem is equivalent to

{eigenvalues of T, 1} = [-1/2,1/2]

{eigenvalues of T, 2} < [0,1]

Proof. We will only prove (2.23). The other one is proved in a similar fashion.

First assume that € C,. Suppose for a contradiction that v e R\ [ - 1,1] is an eigenvalue of

2°2
T,,1 with eigenfunction y. We set ¢p := v~ 1 T, »(y). Then

y+ip= v‘lf Gl(s,pyp(ndrt
0
so we deduce
Ly +ip)+i(y+ip)=—v 'y

By separating the real and imaginary part, this amounts to

L) =—viy+¢
Lip) =-v

so that
LLy)+v 'Ly +w =0

This can be rewritten as

vltiva—vy2 vl_ivVa—vy2

5 Nw) =0

Thus, there exists a non identically zero u € C2([0, a], C) such that either

v ltiva—vy=2 vioiva—vy=2

L) = ( 5 Ju or L= 5 Ju

holds. By Green’s formula,
a -1, ivV4—vy-2 a
0:[ (uLm)—ﬁL(u))ds:Z(%)f |u2ds
0 0

implying u = 0, a contradiction.
Now, assume that [ € D,. Then we can find [;,l, € C, and t € [0, 1] such that

I=t-L1+1-9-b

which yields
Bl=t-ph+a-n-pt
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Chapter 2. The singular Sturm-Liouville problem

and

Gls,)=t-Gl (s, +(1—-1)-G2(s, 1)
Since both G"' and G” satisfy condition (2.23), it follows that G/ satisfy it as well. O
Corollary 2.16

Let I be the limit point or | € Do. Then for all0 < a < +oo, for all v € L*((0, al) with||v]|%, <1,
we have

—lsf f G{(s,t)u(s)u(t)a!sdts1 (2.25)

2 o Jo 2

05/ f Gl(s, Hv(s)v(Hdsdt<1 (2.26)
0 Jo

In particular, for all0 < a < +oo, for all v e C°([0, a]) with||v||* = [} v®ds <1, we have

[0([0 G{(s,t)v(t)dt)zdssi (2.27)

a a ! 2
f(/ Gy(s,Dv(t)dt) ds<1 (2.28)
0 0

Notation
LetF =R or C. We write

+o0o
CF,(10,+00),F) = {f € C*([0, +00), F) |f0 |f(s)Pds < +oo}

Theorem 2.17 (The Green function for Lu+ iu =0 on [0, +00))
For the limit-point or points in D, we consider the unscaled Green function on [0, +00)2:

Gl(s, t) = T](S, l)ﬁl(t)l) O0<s<t
Bl(s,in(t,i) s>t=0

For g € CY, ([0, +00),0C),
+00
u(s):f Gl(s,ng(n)dt
0

is of class Ciz ([0, +00),C) and solves
Lu+iu= (nﬁl)gg =-g
on [0, +00) with boundary condition (2.5).

Proof. The solution u isin L2([0, +00),C) because of (2.27) and (2.28). Moreover, observe that

S +00
u(s) = ﬁl(s)fo n(t)g(t)dt+n(8)f Bl(ngmde
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where the rightmost integral is well-defined since B!, g € L?([0, +00),C) and is continuously
differentiable. Indeed, for any sp € R :

+00 +oo So
lim (s — s9) " (f ,Bl(t)g(t)dt—f ﬁ’(t)g(t)dt) = lim (s — 50) ! (f ﬁl(t)g(t)dt)
s $= S0 s

S—So So

= —B(s0)g(s0)

Then, we proceed as in the proof of Theorem 1.7 to show that u € C2([0,4+00),C), Lu+iu= -g
and Rju=0. O

Corollary 2.18 (Weyl alternative for the inhomogeneous equation Lu+iu=—g)
Let g € C), (10, +00),C) be fixed.

In the limit-circle case, any solution to Lu+iu = —g on [0, +00) is square-integrable.

In the limit-point case, there is exactly one square-integrable solution (up to the addition of
c- Bl where Iy, is the limit-point and ¢ € C is a constant).

Proof. Let v be any solution to Lu + iu = —g on [0, +oc0) and let u be the square-integrable
solution obtained by means of the Green function. Then w := u— v solves Lu+iu =0 on
[0, +00). In the limit-circle case, w is square-integrable and so is v.

In the limit-point case, w is square-integrable if and only if w = c- B’ for some ¢ € C. This
implies that v is square-integrable if and only if v = u + ¢ - B’ for some c € C. O

Proposition 2.19 (Smoothness of IIGE (s,911z2)
Let l € C be such that ,Bl € I2([0, +00),C). Let G{ (s, 1) and Gé(s, t) denote respectively the real
and imaginary part of G! (s, t). Then
+00 +00
SH[ G{(s, t)zdt, s-—»f Gé(s, t)zdt
0 0

exist and are twice continuously differentiable on [0, +00).

Proof. It suffices to prove that

+00 +00 +OO—2
f IGL(s, )2dt, f Gl(s, 1)2dt, f Gl(s, 1) dt
0 0 0

exist and are twice continuously differentiable on [0, +c0). Observe that
+00 N +o00
f Gl(s, t)zdt:ﬁl(s)zf n(t)zdt+n(s)2f Bl(n?dr
0 0 N

Except for the rightmost integral, every term is well-defined and of class C?([0, +00),C). In
fact, this is also the case for the rightmost integral : it is well-defined since B! € L?([0, +00),C)
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Chapter 2. The singular Sturm-Liouville problem

and is twice continuously differentiable because for any s € [0, +00) :
+00 +oo So
lim (s — s9) ™" ([ ﬁl(t)zdt—f ,Bl(t)zdt)z(s—so)_l lim ([ ,Bl(t)zdt) = - (s0)?
$—3So s o $S=So\Js

We proceed similarly for

+00 2 2 5_2 — too— 9
f Gl(s, 1) dt=BL(s) f N dt+n(s) f Bl(r) dr
0 0 s

+00 S +00
fo |Gl(s,t)|2dt=|ﬁ’(s)|2fo |n(t)|2dt+|n(s)|2f FRGIRT;

N

Notation
For the rest of this section, we choose and fix [ = I, or [ € D, depending on whether L is in
the limit-point or in the limit-circle case for the parameter A = i.

Proposition 2.20 (Basic properties of T;)
Fori =1,2, we define the following linear operator :

T; : (C)2 (10, +00)), (-,-) 12) = (C75 ([0, +00)), {-,-) 2)

+00
f(t)'—’(Tif)(S)izfo Gl(s, 0 f(Ddt

Then T; is bounded, self-adjoint and it maps ng ([0, +00)) to a subspace of Ciz ([0, +00)).

Proof. The boundedness follows from (2.27) and (2.28), the self-adjointness follows from the
symmetry Gf(s, 1) = Gf (t,s) of the kernel and the assertion about the image of ng([O, +00))
under T; follows from Theorem 2.17. O

Definition 2.1 (Hilbert-Schmidt integral operator)
Let I c R be a closed interval and let k(s, t) € L?(I x I,C) be a square-integrable kernel. The
integral operator

K: (L*(I,0), ¢, )5 — (LA(1,0), ()

F@)— (Kf)(s) 2=ﬁK(s, nfwde

is called a Hilbert-Schmidt integral operator.

By Cauchy-Schwarz inequality, such an operator is bounded. Moreover, if k(s, t) = k(t, ),
then it is also self-adjoint.
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Proposition 2.21 (Compactness of Hilbert-Schmidt integral operators)
A Hilbert-Schmidt integral operator K is compact.

Proof. Let {¢pn(s)};., be an orthonormal basis for (L?(I1,C),{,")12). Then {Pn(S)Pm (DI, 1s
an orthonormal basis for (L2(I x I,C), {-,-) 12) and we can write

k(s,00="), anmPn(s)Pm(1)

n,m=1

for some a,,,, € C, where the series converges in (L2(Ix I,0), [Ill;2). For n € N, we define

n oo
kn(s,0)=)_ Y aijpi(s)p;(t)
i=1j=1
Ap: (2,0, () 2) = (L2, ©), ¢, ) 2)
+00
f@)— (Anf)(s) :=f0 kn(s,0) f(D)dt
The image of A, is finite-dimensional (it is a subspace of span(¢;, ...,¢,)), so A, is compact.

Furthermore, A, — T in operator norm as n — +oco . Indeed, for f € I2(1,0), Ifllz <1, we
have

2

+00 [ p+o0
(A= T fIZ, = fo ( fo (kn(s, 1) = k(s, 1) f(t)dt) ds
+00 +00 +00
sf (f (kn(s, £) = k(s, t))zdt) (f f(t)zdt) ds (Cauchy-Schwarz)
0 0 0

+00 +00
f f (kn(s, 1) — k(s, 1))*dtds
0 0

+o00 p+oo oo 00 2
[0 fo (Z Zai,jcbi(s)cpj(t)) dtds

i=n+lj=1

IA

2
as ;

J (Orthonormality)

7 D18
18

-
Il

i 1j=1

Since [1k(s, DII5, = X5°,,—, @& < +00, we deduce that ||(A, = T)f1I?, — 0 as n — +oo inde-

pendently of f € L?(I,C), || fll;2 < 1.

Thus, K is compact as (L?(I,C), {-,-)2) is a Hilbert space and K is the limit of a sequence of
compact operators from L?(I,C) into itself. O

Corollary 2.22 (L2-compactness of T; in limit-circle case)
Let L be in the limit-circle case. If we look at T; as an operator from (L2([0, +00)), {-, 2) to
(L2([0, +00)), {-, ) 12), then T; is a self-adjoint Hilbert-Schmidt integral operator.

Proof. Wefixi € {1,2}. Inthe limit-circle case, Gl{ (s, 1) € L?([0, +00) x [0, +00)), so T; is a Hilbert-
Schmidt integral operator, hence bounded and compact (see Definition 2.1 and Proposition
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Chapter 2. The singular Sturm-Liouville problem

2.21). It is self-adjoint because of the symmetry Gl{ (s, 1) = Gf (¢,s) of the kernel. O

Proposition 2.23 (Compactness of T; in limit-circle case)
In the limit-circle case, T; : (C, ([0, +00)), (-, 12) = (CY, ([0, +00)), ,-) ;2) is compact.

Remark 2.24
In that sense, the limit-circle case is the regular case as Hilbert-Schmidt theorem will apply.

Proof. We fixi€{1,2}. Let (f, ‘,’1":1 c (ng ([0, +00)), {+, ) ;2) be uniformly bounded with respect
to the L2-norm. By passing to a subsequence, we can assume without loss of generality that
(T,-fn)‘;lo:1 converges in (L2([0, +00)), {-, -12) (Proposition 2.22). It suffices to show now that
there exists a subsequence of (T; f,,)5,., which converges uniformly on every compact subsets

of [0, +00).

First, we show that for any fixed M > 0, (T; f,,)3, is uniformly bounded and uniformly equicon-
tinuous on [0, M]. Indeed, it is uniformly bounded since T; is a bounded operator:

I(Ti f) (I < ITill -1 fullf2 Vs =0

Next, we prove uniform equicontinuity. Let € > 0 be fixed. Since Gf (s, t) is uniformly continu-
ous on [0, M] x [0, M] and 7 is uniformly continuous on [0, M], there exists § > 0 such that for
all s, s',t,t' €0, M] :

&
2MY2 - (sup, |l fullrz + 1)

ls—s'|+1t—1|<8=|Gl(s, ) - GL(s', 1) < (%)

and
Is—s'l<6=n(s)—n(s" < £ (% %)
2184112 - (supy,ll full 2z + 1)

Thus, for all s, s’ € [0, M] such that |s — s'| < §, we have

+00
| T; fn(8) = T; fu(s))] = ’ fo (Gi(s,0) = Gi(s, 1) f(t)dt’

< |f0M...dt|+|[A;oo...dt|

The first term is bounded using Cauchy-Schwarz inequality and then our first bound (x)

M M 1/2 M
|f dt| = U (Gl(s, - Gl(s, t))zdt) (f f(t)zdt)
0 0 0

<el2

1/2

For the second term, observe that
IGl(s, ) - GL(s', 0l =1G (s, - G'(s', )|
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2.3. Weyl alternative for arbitrary A

and
+00 ! ! +00 !
fM (G'(s,0) = G'(s", ) f(n)dt = (T](S)—n(S'))fM B (D fmdt

Thus, by Cauchy-Schwarz inequality and our second bound (%)
+oo +oo !
|f ...dt|s|n(s)—n(s')|-f )/3 (t)f(t)|dt
M M

+oo 12 | p+oo 1/2
<In(s) = n(s)l- (f Iﬁ’(t)lzdt) - (f f(t)zdt)
M M

<e/2

This proves uniform equicontinuity.
By Arzela-Ascoli theorem, we can find a sequence of subsequences (f, m)‘;f:l, m=0,1,2,3,...,
with the following properties :

L (fno)5e = (f)5e;-

(e}

2. For all m 2 1, (fy,m)52, is a subsequence of (fy,m-1)57;.

n=1
quence of (fy, )5, forall0 < k< m.

In particular, it is a subse-

3. Forall m = 1, (fy,m)$2, converges uniformly on [0, m].

We conclude by passing to the diagonal subsequence (f,,)57; of (fu)52 ;. O

2.3 Weyl alternative for arbitrary A

To show that a SL operator L is in the limit-point case or in the limit-circle case, it suffices
to prove Weyl alternative for an arbitrary parameter A € C. Indeed, we have the following
theorem :

Theorem 2.25 (Weyl alternative for arbitrary 1)
Let L be a SL operator on [0,+00). For any A € C and any bounded r(s) € CY([0, +00)), exactly
one of the following situations happens :

1. Limit-circle case : Every solution to L(u) + (A —r)u =0 on [0, +00) is square-integrable.

2. Limit-point case : There is at most one (up to a scalar factor) square-integrable solution
to L(u)+ (A —r)u=0 on[0,+00). Furthermore, if A € C\R, then there is exactly one (up
to a scalar factor) square-integrable solution.

Moreover, if 1. (resp. 2.) holds for one particular pair of \* € C and bounded r* € C([0, +00)),
then it holds for any other pair of A € C and bounded r € C°([0, +00)).
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Chapter 2. The singular Sturm-Liouville problem

Proposition 2.26
Let A € C and let {u) (s), v1 ()} be a fundamental system of solutions for Lu+ Au = 0 on [0, +00)
satisfying (uyvy) = 1.

Let r(x) € C°([0, +00)) be any continuous function and let ¢ € C2([0, +00),C) be a solution to
Lu+A-ru=0o0nl0,+00). Then

w(s):=¢(s) _fo (ur () va () —va(Supa (D) r(e(ndt

is of class C?([0, +00),C) and solves Lu+ Au =0 on [0, +00).

In particular, the subspace
{p € C*([0,+00),C) | () = c- up(s) + d - vp(s)+
fos (wA(S)va(®) —va(Sup () r(e(2)dt, c,d e C}
forms the set of solutions to Lu+ (A —r)u =0 on [0, +00).

Proof. We have

w(s) zw(S)—fO (A () va(8) — () up (1) T(D()dt € C ([0, +00),C)
N
y'(s) =<p’(8)—/0 (W) (D va(0) = vy (Hup () r(Dg()dt € C'([0,+00),C)

(PP () = (p(9)'(s) —fo [(p()uy () va () = (P V) () ur (D] r(Dp(r)dt

= p(s)- (U} () va(s) = V) (Hua () r($)g(s) € C°((0, +00),C)
so that
L(y)(s) = L(p)(s) —fo (L(up)(S)va(t) = L(v) (S ur() r(De(n)dt —r(s)p(s)

=-Ap(s) +/1f0 (Ur(S)va(B) — v ur (D)) r(Dp(D)dt

=-Ay(s)

Lemma 2.27 (Gronwall’s inequality)
Leta, B,¢p € C°([0, +00)) with B = 0. Assume that

¢(r) < al(r) +/ B(S)P(s)ds Vr € [0,+00)
0

Then . .
o(r) Sa(r)+f a(s)B(s)exp (f ﬁ(t)dt)ds Vr € [0, +00)
0 s
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2.3. Weyl alternative for arbitrary A

Furthermore, if a is non-decreasing, then

¢(r) < a(r)exp (f ,B(t)dt) Vr € [0, +o0)
0

Theorem 2.28

Assume that A € C is such that every solution to Lu+ Au = 0 on [0, +o0) is square-integrable.
Then for every bounded r(s) € C°([0,+00)), every solution to Lu+ (A—r)u = 0 on [0, +o0) is
square-integrable.

Proof. Letpe C2([0, +00),C) be a solution to Lu + (A — r)u = 0 on [0, +00). We write

@) =c-up(s)+d-vy(s) +f0 (UA (VA1) — v (Hur (D)) r(De()dt

for some ¢, d € C as in Proposition 2.26. By applying the triangle inequality, we get

lp(s)] < |C|'|u/1(5)|+|d|'|V/1(S)|+M0f0 (upr (- Tva @D+ va )] - lup (D) lp(D)|dt

where My = ||7]]|co.

Since for a, b€ R: (a+ b)? < 2(a? + b?), we have
lp)1> <4 Icl* lua ()P +1d1* - lva(s)l?

: 2

Applying Cauchy-Schwarz inequality and then (a + b)? <2(a® + b?) again, we find

(> <8 Icl*- lup(s)[* +1dI* - |va(s)|?

+Mg/0 (Iu/l(S)lz|v/l(t)|2+lv/l(s)|2Iui(t)|2)dt£ |(p(t)|2dt]
Let M; = 8-max{|c|?, |d|?, Mé.uumzz, M§-||VA||%2}_ Then
P SMI['”“S)'2+'“Ms)l2+(lua(s)|2+|m(s)|2)~f0 p(0dt]

Integrating both sides with respect to s, we then get

.
f lp(s)|?ds < My
0

[O(IuA(S)I2+|vA(S)|2dS)+fO (|uA(5)|2+|U/1(S)|2)(fO |<p(t)|2dt)ds]
SMz+1\/11'f0 (|UA(S)|2+|U/1(S)|2)(fO I(p(t)lzdt)ds

r t
:M2+M1-f0 (|uA(r)|2+|m(n|2)(f0 I(p(s)lzds)dt
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Chapter 2. The singular Sturm-Liouville problem

where M, = M - (||u A||§2 +1| m||§2)}. We finally apply Gronwall’s inequality to

a(r) = My, B(r) = My - (lua (2 +1va(D2), b(r) = fo () Pds
and deduce that

r r
[I(p(s)lzdssMgexp(le Iu,l(t)|2+|v,1(t)|2dt), Vr € [0, +00)
0 0

Proof of Theorem 2.25.

Let L, A€ C, r € C°([0, +00)) be as in the theorem. We consider the auxiliary real SL operator
L* defined with p*(s) = p(s) and g*(s) = q(s) + r(s) and apply Corollary 2.8 to get that the
alternative holds when A is non-real.

The fact that it holds for real A and the fact that the alternative is independent from the pair
(A, r) follow from Theorem 2.28. O

Next, we show with a simple example that we cannot always expect Lu + Au = 0 to have non-
trivial square-integrable solutions when A € R.

Proposition 2.29
For any A = 0, the differential equation

dz”()m (5)=0, s=0
—(s u(s) =0, s=
ds?

has no non-trivial square-integrable solution.

In particular, the SL operator L = d?/ds? is in the limit-point case.

Proof. If A =0, any such solution is of the form
us)=a+b-s

for some a,beC.

If A > 0, any such solution is of the form
u(s) = a-cos(VAs) + b-sin(VAs)

forsome a,beC.

Any such solution is not square-integrable on [0, +oco) unless a = b = 0. O

Finally, we conclude with some simple sufficient criterions for L to be in the limit-point case.

32



2.3. Weyl alternative for arbitrary A

Proposition 2.30
Let L be a SL operator on [0, +00) such that q(s) € C°([0,+00)) is bounded. Then L is in the
limit-point case.

Proof. Observe first that the differential equation

i( (s)ﬂ(s))—o s=0
as \PVas )T 0

has set of solutions
S 1
{u(s) € C*(10,+00)) | u(s) = a+ b-f ——dt, a,beC}
o p(1)

Since p(s) > 0 on [0, +00), any such solution is not square-integrable unless a = b = 0.

If L was in the limit-circle case, then for A = 0 and r(s) = g(s), every solution to

d ( (s)du(s)) =Lu+A+r(s)u=0

as\PVas) T -
would be square-integrable by Theorem 2.25, which is a contradiction. O
Theorem 2.31

Let L be a SL operator on [0, +o0) and assume there exists a positive function M € C([0, +00))
and two constants ki, ko > 0 such that for all large s :
+00
q(s) = —klM(s),f (p(OM(1) 2dt = +o0
1

IpY2M (s)M(5) 3% < ky

Then L is in the limit-point case.

Proof. We show that Lu = 0 cannot have have two linearly independent solutions ¢, €
L*(]0, +00)).

First, assume that ¢ € L?([0, +00)) solves Lu = 0 on [0, +00). Then

e’V (*q@) ‘fx ,
fl Mo T upfWdtz-h | @ ds xz1

using Ly =0 and

———dt+| p()————dt, x=1

fx (p(O)e' () @) [p(t)q)’(t)(p(t)
0 - M() M(1)?

e fxw)(cp'(t))z f @' ()M (1)
M(1) M(1) 1 1

1
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Chapter 2. The singular Sturm-Liouville problem

using integration by parts. Thus, for ¢; := ki [l@l[5, — p(D)¢' (D) M(1)~!, we have

-px)

! X 2 X ! !
¢' (D)) f m«p()) dt_f pp LDOOMD s
1

M(x) M(r) M(1)?

We define

X (@l0)?
H(x)f p() M) dt, x=1

By Cauchy-Schwarz inequality, we have

, . , X 1/2
U (p(t)z\i((?)y(t) 'Sfl kzp(t)”zAlzt()?/lz.up(t)ldtssz(x)”z(fl w(r)zdr) x=1

so that for ¢, := k||l 2, H(x) satisfies

"(®)p(x)
—p(x)% +HO) - HW 2 <cp, x=1

If H(x) — +o00 as x — +oo, then

P D) 1
T >_H
p(x) M) > ()
for all x large enough. In particular, ¢(x) and ¢'(x) have the same sign for all x large enough
(say positive sign without loss of generality). Thus, for x large enough, ¢(x) is a positive and
increasing function. In particular, it is bounded below by a positive constant ¢ > 0, which

contradicts its square-integrability.

Therefore,

(@ )?
H(x)—f1 p(t) MO dt, x=1

is bounded. Finally, if ¢, € L?([0,+00)) are two linearly independent solutions to Lu = 0
such that (py) =1, then

! !
) ¢'(x) )_ 1 >0

12 | _
p) ("’(X)M(x)“2 YO U@ T oM’

The left-hand side is square-integrable on [1, +c0) by what we have just proved but the right-
hand side is not, which is a contradiction. O

Corollary 2.32
Let L be a SL operator on [0, +o0) such that

+o00
q(s)=-kVs=0, f p(0)7 1 2dt = +00
1

forsome k > 0. Then L is in the limit-point case.
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2.3. Weyl alternative for arbitrary A

Proof. This follows from Theorem 2.31 with M(s) = 1. O

Corollary 2.33
Let L be a SL operator on [0, +00) such that p(s) is bounded and for all large s :

q(s) = —ks?
for some k> 0. Then L is in the limit-point case.

Proof. This follows from Theorem 2.31 with M(s) = s°. O
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8] Eigenfunctions and the expansion
theorem in the limit-circle case

For the remaining of this Chapter 3, we assume that L is a SL operator with boundary condi-
tion (2.5) in the limit-circle case. Furthermore, we choose A = i and fix some [ € C,, where
Cw denotes the limit-circle for the parameter A = 1.

For the non-degenerate SL problem on [a, b], the eigenfunctions of the SL operator L are
exactly the eigenvectors of a bounded, compact and self-adjoint integral operator. This cor-
respondance is made possible because the solution to the problem Lu =g, Ryju = Ryu =0, is
unique and obtained using the Green function as a symmetric kernel. In the limit-circle case,
the kernel Gé will allow to obtain such a transition.

First, we have to strengthen our boundary condition at s = +oco. Indeed, our former boundary
condition at s = +c0, namely u € L2([0, +00),C), is useless as any solutionto Lu+iu = —g will
be square-integrable.

Furthermore, we also need to determine the image of
T, : (CY, (10, +00)), (-, 12) = (CP ([0, +00)), (-, ) 12)

+00
f(t)H(Tzf)(S):sz GLis, 0 f(Ddt

if we want to use Hilbert-Schmidt theorem.

3.1 Theboundary condition at infinity

Theorem 3.1
Ler g(s) € CY, ([0, +00), C).

We consider the following Sturm-Liouville problem on the real half-line :

L(u)+iu—i( (s)ﬂ(s))— Suls)+iu(s)=-—g(s), s=0
~as\PYV s qa T8N, s=
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Chapter 3. Eigenfunctions and the expansion theorem in the limit-circle case

with boundary condition (2.5) at s = 0 and the following boundary conditions at s = +oo
. Iy _ 1 Iy _
Skrpm(ﬁl us= Sl{gloo(ﬁz ws=0 3.1

Then this problem has a unique solution given by

+o0o
u(s) :f Gl(s,ng(ndt
0

Proof. We have to verify that u(s) satisfies (3.1) and that the solution is unique.

Since
o0 S o0
u(s):f Gl(s,t)g(t)dt:f Gl(s,t)g(t)dt+f Gl(s,ng(ndt
0 0 s
=ﬁl(s)f0 n(t)g(t)dtm(s)f Bl ngde
S
du _ dp' s dn. [
dS(S)— s (S)f0 n(t)g(t)des(S)fs B (Hgt)de
we have

S o0
Blu)s = (ﬁlﬁ’)sfo n(t)g(t)dt+(ﬁln)sf pl(ngndre
S

/-

(A) (B)
The (A) term is zero for all s > 0 because (8!8') = 0 and the (B) term goes to zero as s — +00

because (8'n) =1 and B!, g € L?([0, +0), C).

Similarly, we have

(Blu)s = (ﬁﬁ’)sfo n(r)g(r)dm(ﬁn)sf Bl(ng(ndt

A) (B)

The (A) term goes to zero as s — +oo. Indeed, since [ € Cy, we have
e Il
| 1pteds = 1= g0
by (2.14), (2.20) and
gl * Al I gl
(BB =2i(B2f1)s =2i[f0 |B!1ds + (Bap1)o] — 0 as s — +0o
The (B) term goes to zero as s — +oo because
J— S — J— J— S J—
(B'ms =f0 (B'Lan —nL(BD) -+ (Bm)o = Zifo Bindt+(B'mo
is bounded on [0, +oo) and B, g € L*([0, +c0)).
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Thus,

. 1 T l —
Jim (Phuoc= i (phu. =0

Finally, assume that u, v are two solutions to the above problem. Then w := u — v satisfies
Lw + iw = 0 with boundary conditions (2.5) and (3.1). We write

w:c-n+d~ﬁl, c,deC

Observe that
B'w)=cBm=c

so ¢ must be zero by condition (3.1).

Furthermore, d - ,Bl satisfies condition (2.5) if and only if d = 0. O

Remark 3.2
For u, v € C2([0, +00),C), we write

(UV) oo := lim (uv);
§—+00

if the limit exists.

If u, L(u), v, L(v) € L2([0, +00),C), the limit (1) exists and is equal to

+00
(UV) o =f (uL(v) —vL(w)dt+ (uv)g
0

Theorem 3.3 (On the image of T5)
Let f :[0,+00) — R be fixed. Then there exists g(s) € ng([O, +00)) such that

fs) =f Gé(S, ngdt, s=0
0
ifandonlyif f,L(f) € Cig([O, +00)), LL(f) € ng([o, +00)) and f, L(f) both satisfy the boundary

condition (2.5) at s = 0 and the boundary condition (3.1) at s = +o0.

Proof.
= : Assume first that

f(s =f Gé(s, ngdt, s=0
0

and define u(s) := f* +if, where
f*(s):=f Gl(s,ng(ndt, s=0
0

Then u is of class Ciz ([0, +00),C) and uniquely solves Lu+iu = —g on [0, +oo) with boundary
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conditions (2.5) and (3.1). Separating the real and imaginary parts yields
Lf~-f =-8
LH+f* =0

Thus, f, L(f) = —f* and LL(f) = g — f are all continuous, square-integrable functions.

The boundary conditions (2.5) and (3.1) are satisfied by both the real part f* = —L(f) and the
imaginary part f of u.

<:Set f*:=-L(f), g:= f - L(f*) and define u:= f* +if. Then u solves Lu+iu = —-g on
[0, +00) with boundary condition (2.5) and (3.1). By unicity,

u(s):f Gl(s, nNgdt
0

so that o
fls)= fo Gl(s,ng(t)dt

Proposition 3.4
T has trivial kernel.

Proof. Assume that ue ng ([0, +00)) is such that Tou = 0. Define

f(s) ::0:[0 Gl(s, pu(ndt, f*(s) ::fo Gl(s, pu(ndt

Then v:= f*+if = f* solves Lv+iv = —uon [0, +00). Since u, v, Lv are real-valued, we must
have v =0. Hence, u=—-Lv—iv =0 as well. O

3.2 Eigenfunctions and the expansion theorem

Definition 3.1 (Eigenfunction)

Let u € C?([0, +00)) be non-trivial. We call u an eigenfunction for the SL operator L on [0, +00)
with boundary conditions (2.5) and (3.1) if Lu+ Au = 0 for some A € R and u satisfies (2.5)
and (3.1). In that case, we call A an eigenvalue of L and the set of eigenvalues is called the
spectrum of L.

Remark 3.5 (About multiplicity of eigenvalues)
In other words, u is an eigenfunction for L if and only if it is equal to u = ¢ ¢(s, 1) for some
A €R, ceC, and if it satisfies (3.1). In particular, each eigenvalue of L has multiplicity 1.
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Remark 3.6
If ¢ (s, A) is an eigenfunction, then ¢(s, A) solves

Lu+iu=({-N¢(s,A), s=0

with boundary conditions (2.5) and (3.1). Thus,

+00
P(s,A) =(A— i)f Gl(s, (L, M)dt (3.2)
0

Theorem 3.7
Let L be a SL operator on [0, +00) with boundary conditions (2.5) and (3.1).

IfA € R is an eigenvalue of L with associated eigenfunction u, then y:= (1+ A?)~! is an eigen-
value of the linear operator

T, : C,([0,+00)) — C ([0, +00))

+00
f(t)H(Tzf)(s)::fO Gis, ) f(r)ydt

with eigenvector u.

Conversely, if u € R is an eigenvalue of T, with associated eigenvector u € C(L)Z([O, +00)), then
e (0,11, ue C%([0,+00)), u satisfies (2.5), (3.1) and

us)=c - p(s, A" +c - Pp(s,A7)

wherec*,cT eR, AT =/ u =1, A7 ==/t - 1.

Furthermore, c* is always zero if ¢(s, A™) is not an eigenfunction of L and ¢~ is always zero if
&(s, A7) is not an eigenfunction of L.

In particular, a (possibly empty) basis for the eigenspace Ey, of T is given by

{p(s,A) | € € {+, -}, (s, A®) is an eigenfunction of L}
Proof.
= : Assume that u(s) = ¢(s, A) is an eigenfunction of L. Then by (3.2) :
+00
¢(s,A) =(A— i)f Gl(s, p(t, Vdrt
0
which is equivalent to

+oo +o00
O(s,A) = Af Gl(s, ot A)dt+f Gl(s, Op(t, Ddt
0 0

+00 +00
0 =Af Gl(s, t)(p(t,/l)dt—f Gl(s, 0p(t, Ddt
0 0
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This finally implies
+00
P(s,A) = (1+/12)f Gé(s, DG, -Vdt=(1+21*)To(¢)
0

< : Assume that u € ng([O, +00)) is an eigenvector of T, with associated eigenvalue u € R.
Proposition 3.4 and estimates (2.26) show that u € (0, 1]. Hence, u satisfies

+00
u(s) :,u_lf Gl(s, Du(ndt, s=0
0
and u € C?([0, +00)) by Proposition 2.20. We set
+00
u*(s):=u_1f G{(s, Hu(ndt, s=0
0
Therefore,
+00
u*+iu:u_1f Gl(s,Du(tdt
0

is the unique solutionto Lv+iv = — ,u_1 u on [0, +oo0) with boundary conditions (2.5) and (3.1).
By separating the real and imaginary part, we get

Lu*)-u= —,u_lu
Lw+u*=0

which implies
LL(w)— (' =Du=0

First, we study the case u # 1.

This can be rewritten as
(L+A Do (L+A )W) = (L+ATT)o(L+A"I)(w) =0
We set
vi=(L+A7I)(w

This function satisfies (L + A* I)(v) = 0 with boundary conditions (2.5) and (3.1). Therefore,
there exists ¢* € R such that
v=c"-Pp(s,A")

with ¢* =0if ¢(s, A ") is not an eigenfunction of L.

Similarly, we set
w:=(L+A"I)(w

This function satisfies (L + A~ I)(w) = 0 with boundary conditions (2.5) and (3.1). Therefore,
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3.2. Eigenfunctions and the expansion theorem

there exists ¢~ € R such that
v=c -¢p(s,A7)

with ¢™ =0if ¢(s,A7) is not an eigenfunction of L.

Combining both v and w gives

v-w - Pp(s,AT)+c - p(s,A7)

YA 22+

If =1, we have
LL(u)=0

If ¢(s,0) is not an eigenfunction of L, then LL(u) =0= L(u) =0=>u=0.

If ¢(s,0) is an eigenfunction of L, we prove that LL(u) = 0 = L(u) = 0. Then in that case, there
exists ¢ € R such that u = c- ¢(s,0).

Assume that LL(u) = 0. Then there exists ¢ € R such that L(u) = c- ¢(s,0). We show that ¢ = 0.
Indeed, we have
Lw) +iu=c-¢(s,0)+iu, L(p)+ip=idp

on [0, +o0) with u and ¢ both satisfying boundary conditions (2.5) and (3.1). Therefore,

+00
u(s)=—f Gl(s, t)(c-¢(1,0) + iu(n)dt
0
+00
¢(s,0) = —i[ Gl(s, Dp(1,0)dt
0

and thus e
u(s) = —if Gl(s, yu(t)dt—i-c¢(s,0)
0

Finally,
+00 +00 +00 +00
f u(s)p(s,0)ds = —i[ f Gl(s, HDu()p(s,0)dtds—i- cf &(s, 0)%ds
0 0 0 0
+00 +00 +00
=f —i(f Gl(s, t)¢(s,0)ds)u(t)dt—i~c/ b(s,0)%ds
0 0 0
+00 +00
:[ gb(s,O)u(t)dt—i-cf ¢(5,0)%ds
0 0
where we used Fubini-Tonelli theorem. Thus, ¢ = 0. O

Proposition 3.8 (On the orthogonality of eigenfunctions)
Any two eigenfunctions ¢(s, 1), (s, 1) with A # u are L?-orthogonal.

Proof. 1f u # — A, we know this is true since T is self-adjoint and ¢(s, 1), ¢ (s, p) are eigenvec-
tors of T, belonging to different eigenspaces.
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Chapter 3. Eigenfunctions and the expansion theorem in the limit-circle case

Still, we will prove the assertion in the general case y # A. Using the symmetry of the kernel
G and Fubini-Tonelli Theorem, we have

+00
<¢(8,M)y¢(8,/1)>=f0 O(s,WPp(s,Vds
+oo +oo
= (,u—i)fo (fo Gl(s, )p(t, wdt)p(s,M)ds
+oo +oo
= (u—1) fo ( fo G'(s, )p(s, Dds)p(t, wdt

+00
:(,u—i)(/l—i)_lfo S, VPt wdt
= (u=DA=)"Hpls, W, P(s, D)

which implies (¢ (s, @), (s, 1)) = 0. O

Proposition 3.9
Assume that u, v € Ciz ([0, +00)) both satisfy Theorem 3.3 hypotheses. Then

+00
f uL(v)—vL(w)dt=0
0

Proof. Since u, v both satisfy (2.5), we have (uv)y = 0. By Remark 3.2, it remains to show that
(4V)oo = 0. By Theorem 3.1, we can write

+00

u(s) =f Gl(s,ngu(ndt
0
+00

v(s) =f Gl(s, g, (t)dt
0

where —g, = L(u) +iuand —g, = L(v) + iv. Then

(uv)s=(ﬁln)s(f0 n(r)gu(t)dt)(f ﬁl(t)gy(t)dt)—(ﬁln)s(fo n(t)gy(t)dt)(f ,Bl(t)gu(t)dt)
S S

Since (ﬁln) =1and n,ﬁl, 8w 8vE L2([0, +00),0), everything goes to zero as s — +oo. O

Theorem 3.10 (Expansion theorem)
Let L be a SL operator on [0, +oo) with boundary conditions (2.5) and (3.1).

Then there exists a countable sequence of eigenvalues (1,5, such that
Aps1l=IAnl VREN and lim |A,| = +oo
n—-+oo

as well as a sequence of associated eigenfunctions

b(s,An)

(Un)pzy = (m

) < C7, ([0, +00))
n=1
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3.2. Eigenfunctions and the expansion theorem

such that U = {uy}$ | forms an orthonormal set in (C(L)z([O, +00)), {+,*)12) and such that any
f 110, +00) — R satisfying Theorem 3.3 hypotheses can be represented as the following Fourier
series in (CY, ([0, +00)), ||/l 2) :

f=lm Y (f uk)u (3.3)
k=1

n—+oo

In fact, we also have absolute and uniform convergence of the series on every compact subset
of 10, +00).

Proof. The first part of the theorem follows from Hilbert-Schmidt Theorem (Theorem 1.15
and Remark 1.17). For the absolute and uniform convergence on every compact subset of
[0, +00), it suffices to show that there exists g € C°([0, +00)) such that

n
Jim 5 (fue) ue =g
k=1

absolutely and uniformly on every compact subset of [0, +o0). Indeed, if we have shown the
existence of such a g, we then have forany a > 0:

a n +o0 n
[|Z<fruk>uk_f|2d35f 1Y {f, ukyux— fl*ds — 0as n— +oo
0 k=1 0 k=1
a n n
fo|Z<f»uk>uk—g|2dssazsup{l (f, ur) ur(s)— g(s)1>:s€ 0,al} — 0 as n — +oo
k=1 k=1

and by completeness of L2([0, a]), this implies f = g on [0, a].
To prove the existence of g, it suffices to show that

j
lim 3" I(f, un) un(s)1 =0

i,j—+o0,—
uniformly on every compact subset of [0, +oc0). By Theorem 3.7 and Proposition 3.9, we have

tn(9) = (1 + AZ)(Toun)(9) = (1+A2) (Gh(s, ), un () )
(1 +Afl)|(f, Up)l < ZAflI(f, un) =2I{f,LLuy )| = 2|(LLf,uy)| (for n large enough)

Thus,
J J .
S fotn) un(s)1 <2 Y KLLE, 1) { Gh(s,), un() )

and by Cauchy-Schwarz inequality,

1/2

> (G0, un(-)>2)

n=i

J j 1/2
Z.Kf»un)un(s)lS(Z(LLf,un>2) :

n=i
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Chapter 3. Eigenfunctions and the expansion theorem in the limit-circle case

By Bessel’s inequality,
[e) 9 )
ZI(LLf,un> <||LLfl|7, < +o0
n=
 Jalie a0 a1\ i 12
Y (Go(s,),un()) <1IGy(s, )7, < +o0
n=1

Since IIGé(s, ) || is continuous by Proposition 2.19, we have sup, KIIG (s,- )||2 < M for some
0<M<+o0 when sisrestricted to a compact subset K of [0, +00). Thus,

i i 1/2
S un) un(9)] sMW(Z (LLf, un>2) VseK
n=i n=i

Since Y%, (LLf, un>2 is a convergent sum, this concludes the proof. O

Theorem 3.11 (Expansion theorem for L? functions)
Let L be a SL operator on [0, +oo) with boundary conditions (2.5) and (3.1).

Then there exists a countable sequence of eigenvalues (A,)5,_, such that
Aps1l=1Anl VREN and lim |A,| = +oo
n—+oo

as well as a sequence of associated eigenfunctions

0o ._ (P(Syln) )oo 2
(=1 = (n(p(s,an)ny py (0o

such that U = {un}‘,’l":1 forms an orthonormal set in (L2([0, +00)), (-, 12) and such that any
fe L2([0, +00)) can be represented as the following Fourier series in (L2([0, +00)), ||| 12):

f= hm Z(f U ) U (3.4)

Proof. See the second part of Theorem 1.15. O

Remark 3.12
Consider the sequence of eigenvalues (1), and eigenvectors (u,)5_, from Theorem 3.10.
We set
- Z ;2 ifA<0
A<, <0 ||(P(S,/1n)||L2
pA) =

—— if1>0
mA>A,>0 ||‘P(s’/1n)||%2

which is a non-decreasing and right-continuous function. This function defines a Lebesgue-
Stieltjes measure on R. Observe that for consecutive eigenvalues 1, < 1, p is constant on
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3.2. Eigenfunctions and the expansion theorem

[An, Am). Therefore, for any g : R — C which is integrable on R with respect to the measure dp
(i.e. g€ L'(R,C, p)), we have

oo S gy
Wdpy = Y, —82n__
f_oog =2, (s, A2,

Conversely, if the above sum converges absolutely, then g : R — C is integrable on R with
respect to the measure p.

Let f € L2([0, +00)). We define the generalized Fourier transform of f as :

+00
FQ) =f0 FX)Px,Ndx=(f(),p(, )2, AER

Then the following Parseval’s identity holds for f :

o0

fomf (ds= )" (f,un)’

=1

8

F(An)?
11, A2,

n

+00
_ f F2dp(A) 3.5)

(e0]

which is equivalent to the following expansion for f :

n
f& = lim > (f ur)ui(s)
I’l—’+00k:1

; " FAr)d(s, Ag)
n—+oo =) ||¢(S,/1k)||i2

Jim_ f FN(s, Mdp(d) (3.6)

where the partial sum and partial integral converge to f in L?([0, +00)). Moreover, if f satisfies
some additional smoothness (i.e. Theorem 3.3 hypotheses), then the partial sum and partial
integral converges absolutely, uniformly to f on every compact subset of [0, +00). We will see
that in the general case, (3.5) and (3.6) remain true.

Similarly, since f — [y ®° G!(s, 1) f(t)dt is L>-bounded, we also have that for f € L?([0, +o0)):

+00 oo
f Gl 0 f (e = 5 ) Un(s)
0

n=1 Aﬂ_i
X FAn)$(s,An)
1=t A = DI, A2,

+o00o
= / F(A)‘a(s—_’?dpm) (3.7)

(o)

where the partial sum and partial integral converge absolutely (and not only in L?-sense)
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Chapter 3. Eigenfunctions and the expansion theorem in the limit-circle case

because F(A1), (PA( M € [*R,C, p) by Parseval’s identity (3.5) applied to f and Gl(s, 1) (as a
function of t). Again, this is equivalent to Parseval’s identity :
+00 +00 2 o) <f’ un>2
Gl(s,n f(ndt| ds= ,
\/(; fO ! ;;1 [An— il?
o F(Ap)*
=1 (L+ A2l (s, A1,
+00 F(/UZ
= ———dpA 3.8
f i+ /1)2 pA) (3.8)

In the general case, (3.7) and (3.8) remain true.
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The general case : Transform Theory

Assume that L is a SL operator on [0, +00). Our goal is to extend the Parseval’s identity and
the integral expansion theorem as in Remark 3.12 to the limit-point case. The measure p will
be obtained as the limit of a sequence of measures for the compact case. The books [Sar98]
and [Lev55] are used as our main references for this chapter.

For the rest of this Chapter 4, L is a SL operator on [0, +oo) with boundary condition (2.5) and
boundary condition (2.10) (when L is restricted to [0, a]), where h, j € [0, ) are fixed.

4.1 Construction of the spectral measure

For a > 0, we restrict L to the compact interval [0, a]. Then u is an eigenvalue of the operator
Lwith boundary conditions (2.5), (2.10) ifand only if it is equal to u = c-¢p(s, 1) forsome A € R,
c € C and if it satisfies (2.10).

Let (/1,1,”)"’1":1 be the sequence of eigenvalues given by Theorem 1.18 for L on [0, a] with bound-
ary conditions (2.5), (2.10) and let (<P(S»/1a,n))%°:1 be the associated (non-normalized) eigen-
functions.

We set 1
_ Z 5 ifA=<0
n:A<A,<0 1P a2 0 )

pa(/l) = ]
ifA>0

2
1252 >0 1908 Aa T2 0 1)

which is a non-decreasing and right-continuous function. This function defines a Lebesgue-
Stieltjes measure on R. Observe that for consecutive eigenvalues A, ,, < A4 m, p4 1S constant
on [Agn,Aa,m). Therefore, for any g : R — C which is integrable on R with respect to the
measure p, (i.e. g € L'(R,C, p,)), we have

oo [ee] g(lu,n)
ANdpaA) =
f_ &Wadp n; (s, Aa) 12 10 ap

Conversely, if the above sum converges absolutely, then g : R — C is integrable on R with
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Chapter 4. The general case : Transform Theory

respect to the measure pg,.
Notation
We write Xan= ||(P(S, /la,n)”Lz([O,a])-

For a measure du on R and a compact interval [a, b], we write

b +00
f fdp:= f fdu= f F Xiamdp
a [a,b] —00

if £ xiap € L'®R,C, p).

Similarly to Remark 3.12, for all f e L2([0, a]), Parseval’s identity holds :
a 9 o0 1 2 +00 9
| pords =Y. ——(f.ps Aan)irgoa = [ FOdpath) @1

0 n=1%an ’ —00

where a
F(/l) = ﬁ f(x)(/)(x» /’t)dx = <f(); (,b() A)>L2([O,a]) ’ AeR

is the generalized Fourier transform of f.
Moreover,

n

. 1 . "
f(9)= lim ZaT(f,gb(s,ita,k))m[o,a])gb(s,—/la,k)=ngrgw f_ nF(it)¢(s,A)dpa(/1) (4.2)

—+
n—+oo ;= ok

as a limit in L?([0, a]). Besides, if f € C?([0, a]) with Ry f = R, f = 0, then the convergence is
also absolute and uniform.

We now prove two results which will allow us to have explicit estimates on the growth of p,(A).
Lemma 4.1

Let A € R\{0} and let & := \/|A|. Then there exists four functions u.., v+ € C?([0,+00),C) (which
depend only on p) such that uy(0) =1, u/,(0) =0, v4(0) =0, v, (0) = 1 and

¢(s, ) = —sin(Wu(at) + co;(h)

viat)
t
+ é[ (ulat)v(ar) —viaular)) p(s(r))g(s@))d(s(r), )dt, t=0 (4.3)
0

whereu=u,,v=v; ifA>0and u=u_, v=v_if A <0. Moreover, the relationship between

s=0andt =0 is given by
S 1
t(s)=f —drt
o p()

Proof. We consider

|
t(s) = —d
) fo p(T) !
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4.1. Construction of the spectral measure

Then ¢(s) : [0, +00) — [0, +00) is bijective, increasing, of class C?([0, +00)) and fixes 0. Let s(f)
denote its inverse. We do a change of variables and observe that

D, ) :=d(s(),A), £=0

solves
2

d“u
ﬁ(t) —p(s())g(s())u(t) + p(s()Au(t) =0

on [0, +00) with boundary conditions
ao
®(0,1) = —sin(h), E(O,}L) =cos(h)

Let {u(#), v(t)} be a fundamental system for

d’u
W(t) +ep(s(D))u(t) =0, t=0

satisfying

w0 =1,40)=0 v0)=0,00)=1
where we choosee=1if A >0ande=-1if 1 <0.
Then {ii(t) := u(at), d(t) := a lv(at)} is a fundamental system for

d*u
ﬁ(t) +Ap(s())u(t)=0,t=0

satisfying
20)=1,4'0)=0 D0)=0,9"0)=1

Similarly to Proposition 2.26, we can write
t
O, ) =c-u()+d-D(2) +[ @@ o) -0 aE) ps(m)q(s(m)Nd(r,Ndt
0

where ¢ = —sin(h) and d = cos(h) using the initial conditions on ®(¢, 1), & and 7. Thus,

(h)

(1, A) = —sin() u(ad) + =2 pa)

t
+é[ (ulat)v(at) —viat)ulat)) p(s(1))g(s(1)®P(r,)dt
0

Remark 4.2 ) )
If p=1, then u,(t) = cos(?), u_(t) = z(exp(t) +exp(—1)) and v, (f) =sin(z), v_(¢) = E(exp(t)—
exp(—1)).
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Proposition 4.3
There exists two constants Ny = 1 and 1 > C > 0 (which depend only on p, q and h) such that
forany N = Ny, for 5 = C/N''2, we have

0<s<8,A€[-N,N]=—¢(s,A) = %sin(h) >0 ifhe (0,7 (4.4)
Osss5,7te[—N,N]:>%(s,/l)2% ifh=0 (4.5)

Proof. Let s(¢) denotes the inverse of ¢(s) = f; p(r)~'dt. Consider the family of functions
F = {uy (1), uly (0, u_ (1), u_ (1), v4.(1), V. (1), v_ (1), V. (1), p(s(1)), g (s(£))}

where u., v, are given by Lemma 4.1. Define

M= ] (1+ max |f(t)|), My :=2Mj exp(2M7), M3 :=2M; My, My := (min p(£))~'- M;
feF te[0,1] te0,1]

and let Ny = 1 be defined as

Np:=max{l,2Mssin(h)"'}  ifhe (0,7)

N() =1 ifh=0
Let N = N be fixed. We distinguish three subsets of A1 : S; = [-N,—Np), S2 = [- Ny, Np] and
Ss = (Np, N1. For each subset, we will get a constant 1 > C; > 0 such (4.4) or (4.5) hold when

0 is replaced by 0; = C;/NY? and [-N, N] is replaced by S;. Then, it suffices to take C =
min{C, Cy, C3}.

d
The case A € S, is a direct consequence of the uniform continuity of ¢(s, 1) and d_(p (s,A) on
s
[0, 1] x [=No, Nol.

We now treat the case A € S;. The case of A € S3 is treated similarly.

By Lemma 4.1, for s = 0 and 1 <0, we can write

cos(h) vt
a

¢(s,A) = —sin(h)u(at) +
1 t
+ Efo (ulat)v(at) —viat)ulat)) p(s(@))g(s(1)d(s(1), N dt (4.6)
where u=u_, v=v_,a:=+/|Aland t = t(s) = Jo p(@®)~ldz. Let 1>y >0 be such that

Ost=sy=u() = if he(0,m) 4.7)

NlwWwN | w

O<t<y=>0v()= ifh=0 (4.8)
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We restrict s to [0, 1] where the following estimate on #(s) is useful :
N
0<s<1=0< t(s)zf p(@)ldr <s-(min p(s)~! (4.9)
0 s€[0,1]
Let
1> C:=min{l, min p(s)}-y>0
s€[0,1]
Using (4.9), we find thatif A < -1

C Y
0<ss<—=0=<t(s) < — (4.10)
a a

Thus, for 0 < s < C/N'2 and 1 € [-N, —1), we have that

1. 0ss<C/NY2<C/a<1,hence 0 < at(s) <y <1 as well by equation (4.10).
2. Fort €[0,£(5)] : 0 < s(7) < s(¢(s)) = s = 1 by monotonicity of t — s(t).

3. Forte[0,£(s)]:0<at = at(s) =y <1using (1.)

In particular, we have the following upper bound on ¢(s,A) when 0 < s < C/N'? and A €
[-N,-1):

t S
(s, A)| 52M1+2M;*f |¢(s(r),A)|dr=2M1+2Mff p@ Yo, Vldr
0 0

Gronwall’s inequality then implies that

s 1
lp(s,A)| < 2M, exp (ZM;* f —dr) =2Mjexp (2M;t(s)) <2Mjexp (2M]) =M,  (4.11)
0

p)

for0<s<C/NY?2and A€ [-N,-1).
Assume that & # 0. Observe that for0< s< C/NY%2 and 1 € [-N, —Np),

cos(h) < M < lsin(h)
N, 2

0

viat)

by definition of Ny and

t
’é[ (ulat)v(at) —viat)ulat)) p(s(@)g(s(m)d(s(1),Ndt| < 1\1\4;3 < %sin(h)
0

0
by equation (4.11) and definition of Ny. We finally get from equation (4.6), the above two
estimates and equation (4.7) that for 0 < s < C/N'2 and A € [-N, —Np),

—p(s,A) — %sin(h) > (u(a 1) — %) sin(h) —sin(h) = %sin(h) >0
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If h =0, we have

t
%(s,ﬂ) =v'(at)+ f (W (anviat) - V' (@ ulat)) ps(0)q(s(@)P(s(r), D dt
0

For 0 < s <min{C, (4M4)_1}/N”2 and A € [-N, —1), equation (4.9) implies

t
f (v (@nviat) - V(@ u(at)) p(s(@)q(s(D)P(s(1), V) dT| < 2tM3 < 2sMy < %
0
so that o ) ) L1
%(S,A)—EE (v (at)—a)—§2§>0

Proposition 4.4
For each N > 0, the family of functions {p,}a>1 has a uniformly bounded total variation on
[-N,N], ie.

sup V_NN(pa) <400
a=1

More precisely, there exists constants Ny = 1 and C > 0 (which depend only on p, q and h) such
that forallN = Ny :

1/2

sup V_NN(pa) < ifhe(0,m) (4.12)
a=1 C

3/2
sup VY (pa) < ifh=0 (4.13)

a=1

Proof. Since p, is monotone,
VN (0a) = pa(N) = pa(-N)

IfO<M<N: V_’\Zf\,(pa) < V_%[(pa), so assume without loss of generality that N = Ny, where
Ny = 1 together with 1 > C > 0 are given by Proposition 4.3. Assume that h # 0 first (i.e h €
(0,7)). Let a =1 be fixed. For1>6 = C/NY2 >0, we have for all s € [0,a], forall A € [-N, N] :

1
05555:'—¢(s,/1)255in(h)>0

Let’s define f € L2([0, a)), f(s)=1/6if0<s<4, f(s) = 0 otherwise. By Parseval’s identity (4.1):
2

oo +00 6
FW2dpa(d) = f ( f %(b(x,ﬂt)dx) dpa(A)
—00 0

—00

L[ s

1
= Zsin(h)z(pa(N) - pa(—N))

+

NI/Z 1 a
o5 rwras=|

2 N 1
dpa(A) zf —sin(h)?dpa ()
N4
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Similarly, if & = 0 and a = 1 is fixed, for 1 > 6 = C/N'/? > 0, we have for all s € [0, a], for all
A€[-N,N]:

do 1

0<ss<sd0=>—7(GAN)=—

s => ds (s,A) 5

which implies for all s € [0, a], forall A € [-N, N] :

05356:(/)(3,/1)2%

by the mean value theorem. Let’s define f € L2([0, a)), fls) = 1/6%2if0<s<§, f(s) =0 other-
wise. By Parseval’s identity (4.1) :

N3/2 1 a +00 +oo ( 6 q 2
F=§=f0 f(s)zds:f F(A)zdpa()t)=f (fo ﬁ(p(x,/l)dx) dpa(A)
N (6 2 N (6 & 2
Zf—N(fo ﬁcp(x,/l)dx) dpa(/l)zf_N(fo ﬁdx) dpaA)
1
—I—G(Pa(N)—Pa(—N))
O
Proposition 4.5

For each N > 0, the family of functions {p 4} a=1 is uniformly bounded on [-N, N].
Proof. Observe that for every a =1, p,(0) = 0. Thus, for any A € [-N, N] :

102V =10aA) = pa(0)] < Vi (04)

Since the family {p 4} 4> has a uniformly bounded total variation, this finishes the proof. [

Theorem 4.6 (Helly’s Selection Theorem)
Let I < R be any interval and let (uy)5., : I — R be a sequence of functions such that for any
compact interval K c I :

1. The sequence (1p)$., is uniformly bounded on K :

supsup |, (A)| < +oo
neN 1eK

2. The sequence (1)}, has a uniformly bounded total variation on K :

sup Vk(un) < +oo
neN

Then there exists a subsequence (un, )72, of (Un) and a function p: I — R such that () con-
verges pointwisely to 1 on I and such that y is of bounded variation on every compact interval
Kcl.
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Chapter 4. The general case : Transform Theory

Moreover, if the functions (u,)5,., are resp. monotone / uniformly bounded / right-continuous
on I, then  is resp. monotone / bounded / right-continuous on I.

Proof. See [Natl6], p.222. O

Proposition 4.7 (Integration Theorem)

Let (152, 4 : R — R be non-decreasing and right-continuous functions such that for all con-
tinuity points A of . : nl—i»IPooH" (1) = u(A). Let D <R be the countable set made of all the points
of discontinuity of u and each u,. Let a < b c D°. Then the sequence of Stieltjes measures

(Un)5~, converges weakly on [a, b] to the measure u in the sense that

b b
lim f FNdpn) = f FNdp)
n—+oo a a

for every continuous functions f € C%a, b)).

Proof. Recall that a step function g : R — R is a function of the form
n
gx) =) aiyxa (x)
i=1

where a; € R and the A;’s are disjoint intervals. Since [a,b] \ D c [a, b] is dense and f is
uniformly continuous on [a, b], for all m € N, there exists

(m) (m)

_ (m) _
a=x, <x <...<ka—b

points of continuity of ¢ and each p, such thatforall i € {0,1,.., k,, — 1} :

X€ (xl(.m),ngrnl)] = |f(x) —f(xﬁ’fl))l <1l/m

It follows that the sequence

km—1
fn@) = f@pia ) + 3 FEIDH om0

i=0

(m);

approximate uniformly f on [a, b]. Moreover, since the x;"’s are points of continuity of p

and each pp, it is easy to check that forany me N :

b b
Jm [ i = [ fudu)

Let € > 0, let m € N be chosen large enough so that

N-fmA)s——
Sup =l =+ 1)
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4.1. Construction of the spectral measure

For this m € N, let N € N be large enough so that

n>N=

b b
[fm(it)dun(/l)—f SmW)dp)

palla,b)) | _
ulla,b)+1|

£
< -
3

n>N:‘

Then for any n > N, the triangle inequality implies

=

b b
f Fdpn(h) - f fmm)dunm)'
a a

b b
f Fdpn) - f FAu)
a a

b b
+f fm(ﬂ)dﬂn(/l)_f fm(/l)dﬂ(/l)'

b b
¥ f FnDdu(d) f f(A)du(M‘
a a

< sup |f(A) = frn)|- (una,bl) + u(la, b)) + <
Aela,b] 3

<€

This concludes the proof. O

Corollary 4.8

Let (un)5_,, 1 : R — R be non-decreasing and right-continuous functions such that for all con-
tinuity points A of p : nl—l»IPoo Un(A) = u(A). Then the sequence of Stieltjes measures (U,)5.,
converges vaguely on R to the measure u in the sense that

+o00o

+00
Jim [ rap = [ pndun

for every continuous and compactly supported functions f € C°(R).

Proof. Let K = supp(f) be the compact support of f. Since the set of discontinuities of
and each p, is countable, we can find a < b points of continuity of ¢ and each y,, such that
K c[a, b]. Then, we apply Proposition 4.7. O

Proposition 4.9 (Existence of a spectral measure)

There exists an increasing sequence (a,),., <N and a non-decreasing, right-continuous func-
tion p : R — R such that (pg,)5.., converges pointwisely to p onR.

Proof. Apply Theorem 4.6 to I = R and the sequence (p4)72, to get a subsequence converging
pointwisely to a non-decreasing and right-continuous function p. O
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Chapter 4. The general case : Transform Theory

Remark 4.10
The estimates (4.12) and (4.13) from Proposition 4.4 also hold for p because of pointwise
convergence.

Notation

For the rest of this Chapter 4, we fix a spectral function p, a holomorphic function m(1) on
C\R and an increasing sequence (a,)_; <N such that (p4,)., converges pointwisely to p
onRand (I, ()L))‘;l":1 converges uniformly to m(A) on every compact subset of C \ R.

Moreover, for a > 0 and A € C \ R, we will write

(s, MBI (t,A) O<ss<t<a
Bl(s,)n(t,A) a=s>t=0

0 s, t>a

nis, )™, A) 0<s<t
B (s, )n(t,A) s>t=0

Gals, 1, 1) := GV (s 1, 1) :

G(s, 1,A) := GV (s, £, 1) :=

Observe that for a fixed z € C\ R, the eigenfunction ¢ (s, A, ) solves Lu + zu = (z— Ag4,,) 1 o0
[0, a] with Ry u = Ryu = 0. This implies that

(s, Aan) = Aan— Z)fO Ga(s, 1, 2)p(1, Ag,n)dt, s€[0,al (4.14)

Thus, similarly to Remark 3.12, if f € L2([0, a]) we have for s € [0, a] :

a x (fr (8, Aan)) 200 a
f Gals, t,2) f(D)dt =) {f,9(5 Aan) 2 0,01
0

n=1 a%z,n(/lcl.n -2)

o Bl
f_ F)S=—dpa(V) (4.15)

(s, Aa,n)

o0

where the integral converges absolutely. Equivalently, for s € [0, al:
a
J

4.2 The integral expansion theorem

2 (o)
ds=z

n=1 a%,n'mu,n_Z'Z

y (S,Aa_n) 22 +oo 2
(fro V120,41 =f F dpa(A)  (4.16)

oo M/_le

f G(l(sv t,Z)f(t)dt
0

Now that we have proved the existence of a limit spectral measure, we define the Fourier
transform for L2([0, +00)) functions, which allows us generalize Parseval’s identity and the
integral expansion theorem. The latter comes down to proving that the inverse Fourier trans-
form of the Fourier transform of f is exactly f.
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4.2. The integral expansion theorem

Proposition 4.11 (Parseval’s identity for compactly supported functions)
Let f € C*°(]0,00)) be a smooth, compactly supported function such that

K :=supp(f) ={s€[0,4+00) | f(s) # 0} < (0, +00) (4.17)
Let F be the generalized Fourier transform of f, i.e.
+00
F(A) :f fxd(x, A)dx:f fx)px,N)dx, LeR
0 K

Then F € L*(R, p) and Parseval’s identity holds :

+00 +00
fo f(s)zds:f F(A)%dp(A) (4.18)

Proof. The Parseval’s identity (4.1) on the compact case ensures that for any a > 0,

a +00
fof(s)zds:f Fa(M)%dpa(A) (4.19)

where

a
Fa(l) = fo FO D

Let a > sup K. Since both f(x) and ¢(x, A) satisfy (2.5) : (f¢(-,1))o =0, and since f =0in a
neighborhood of a: (f¢(:, 1)), = 0. Thus,

1 ra 1 4
Fa(A) = —f FOLP(x,M))dx = —f L(f)(x)p(x,A)dx
A 0 A 0

where we used Green’s identity.

Observe that for all a > supK : F,(1) = F(1). Then for any a > supK and any points of
continuity M < N of p and each p,,, equality (4.19) implies that

f F(A)deum)‘
R\[M,N]

1 a 2
( fo L(f)(x)d)(x,ﬂt)dx) dpa(d)

<
min{N?, M?} Jr\ (M, N

1 +00 a 2
= m[_w (f() L(f)(x)(/’(x,/l)dx) dpa(A)

and Parseval’s identity (4.1) applied to L(f) implies that

a N
f f(s)zds—f F(A)deam)‘
0 M

42 _fN 2 ’ 1 fa 2
fo f(s)ds y FA)*dpa(A) Smin{Nz,MZ} | L(f)(s)°ds
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Chapter 4. The general case : Transform Theory

Letting a — +oo along the sequence (a,)5, yields

+00 N 1 +00
25 2 2
'fo Jrds fM Faydp W‘ = min{Nz,Mz}fo Lt ds

and letting M — —oo, N — +oo along continuity points of p and each p,, finishes the proof.
O

Proposition 4.12 (Convergence of the truncated Fourier transform)
Let f € L2([0,00)). Let F,, be the truncated Fourier transform of f, i.e.

n
Fa(l) = fo FOO D

Then (F,,)‘,’f:1 converges in L2(R, p) toalimitF € L2(R, p), called the generalized Fourier trans-
form of f. Moreover, Parseval’s identity holds :

+00 +00
fo f(s)2d3=f F(A)?*dp(A) (4.20)

(e o]

Proof. Let (g,,l)on‘;:1 < C*°([0,00)) be a a sequence of smooth, compactly supported functions
such that

- +00
supp(gm) < (0,+00) YmeN,  lim f |gm— f1?ds=0 (4.21)
m—+oo 0

For each m € N, let G,,(1) € L?(R, p) be the generalized Fourier transform of g,,. Observe
that for any n,m € N, g, — g also has a compact support supp(gm — 8n) < (0,+00) and its
generalized Fourier transform is G, — Gy,.

Now, Parseval’s identity (4.18) applied to g, implies that

+00 +00
f gm(s)?ds= f Gm(AM)?dp(A) (4.22)
0 —

(e0]

Since g, converges to f in (L?([0, +00)), ||-||;2), the left-hand side of (4.22) converges to f0+°° fds
as m — +oo.

Moreover, (Gp,)5_, < L2(R, p) is a Cauchy sequence and thus converges to some G in L?(R, p).
Indeed, Parseval’s identity (4.18) applied to g, — g, yields

+00 +00
f (Gn(A) = Gp(A)?dp(A) = f (gn(8) — gm()?ds — 0 as n,m — +oo
- 0

(o.0]
Therefore, the right-hand side of (4.22) converges to ffocf G?dp as m — +oo.
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4.2. The integral expansion theorem

Thus, for any f € L?([0,00)), we have constructed G € L?(R, p) such that

+00 +00
fo f(s)zds:f GN)2dp(A)

It is easy to check that the constructed G is independent of the chosen sequence (g,)5,., and
is linear in f. We will denote it by Gy.

We now prove that for f € L?([0,00)), Gy is in fact the limit of (F,,)%2, in L*(R, p).

Indeed, let f € L%([0,00)) with associated Gre L*(R, p). Observe that for f,, = f - yjo,n, R €N,
Gy, is exactly F,, and by linearity, Gy_y, is exactly G¢ — Fy,. Thus, we obtain that

+00 +00
fo (f(8) = fu(9)?ds = f (Gf(A) = Fp(A)?dp(A)

Letting n — +oo finishes the proof. O

Notation
We write

n +00
F(A)znlilpoof() f(x)¢>(x,7t)dx=f0 FX)p(x,M)dx

where the convergence is in L2(R, 0).

Remark 4.13
If f € L2([0, +00), C), then by linearity, the generalized Fourier transform

n
F(A) = ngrpwf(] Fdx, Ddx
is a well-defined L?(R, C, p)-function and Parseval’s identity

+o0 +00
fo f(s)2ds = f F)I2dp(h) 4.23)

(e.0]

holds.

Corollary 4.14 (Generalized Parseval’s identity)
Let f, g € L?([0,00),C) with respective generalized Fourier transform F, G. Then the generalized
Parseval’s identity holds :

+00 _ +00
fo f(s)g(s)ds :f FA)G)dp(A) (4.24)

Proof. The generalized Fourier transform of f + g is F + G. Apply Parseval’s identity to both
f + g and f — g and then subtract one equation from the other. O
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Chapter 4. The general case : Transform Theory

Proposition 4.15 (Convergence of the truncated inverse Fourier transform)
Let Fe L*(R, p). Let f;, be the truncated inverse Fourier transform of F, i.e.

fn(s) =f F(wo(s,wdp(w)

Then (fn)52, < L2([0, +00)) and this sequence converges in L ([0, +00)) to a limit f € L?([0, +00)),
called the generalized inverse Fourier transform of F.

Moreover, the following inequality holds :

+oo +00
fo f(s)?ds < f F(A)?dp(A) (4.25)

Proof. We show that (f,))., < L2([0, +00)) and then proves that it is a Cauchy sequence. In-
deed, for any compactly supported g € L?([0, +o0)) with Fourier transform G, Fubini-Tonelli
Theorem implies forallm=neN:

+00
fo (fin(s) —fn(S))g(S)ds=f

+00
U F(u (s, /u)dp(u)) g(s)ds
0 [nl<|pl<|m|

+00

-[ F() ( | s u)dS) dp()
Inl<|ul<Im| 0

- [ F(Gwdp(u)
[nl<|pl=Im|

Moreover, Cauchy-Schwarz inequality implies

1/2 1/2
< ( f F(u)zdp(u)) ( f G(,U)zdp(u))
[nl<|pl=Im| In|<|ul=Im|

1/2 +00 1/2
ST T
nl<|uls|m -

+00
Uo (fm(s) = fu(s))g(s)ds

(o9}

and Parseval’s identity applied to g yields

1/2 +00 1/2
([ ][0
In|<|ul=Im| 0

Let b > 0 be arbitrary. Taking g(s) = fin(s) — f(s) if 0 < s < b and g(s) = 0 otherwise, we get

+00
'fo (fm(8) = fu(s))g(s)ds

1/2

b 1/2 b
fo (fm(s)—fn(s))zdss(f|| " |P(u)zolp(u)) (fo (fm(s)—fn(s))zds)
nl<|ulsIm

or equivalently

b
fo (fim(s) —fn(S))ZdSSf| F(w)*dp ()

n|<|ul<|m|
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4.2. The integral expansion theorem

Letting b — +o0,

+00
fo (fin(8) — fu(s))?ds < f F(u)*dp(u) (4.26)

In|<|ul<|m|

Note that the above reasoning can be replicated to prove that

+00 n
fo (fu($)?ds < f F(u)*dp(u)

n

showing in particular that (f;, ‘,’lozl < L2([0, +00)).

Letting n, m — +oo in (4.26) shows that (fj, ‘;10:1 < I2([0, +00)) is a Cauchy sequence. O

Notation
We write

fo=Jlim_ [ Fuesmdow
—-n

where the convergence is in L2([0, +00)).

Remark 4.16
If Fe I3(R,C, p), then by linearity, the generalized inverse Fourier transform

f(9= lim_ f F(us, mdp ()

is a well-defined L2([0, +00), C)-function.

Theorem 4.17 (Expansion theorem)
Let f € L([0, +o0), C) with generalized Fourier transform F and let f;, be the truncated inverse
Fourier transform of F, i.e.

n
fn(S):f F(uw (s, wdp(w)

n
Then (fn)5., converges to f in L2([0, +00),C).

In other words, the generalized inverse Fourier transform of F is exactly f.

Proof. Since ( fn)‘;‘):1 € L2([0, +00),C), Fubini-Tonelli Theorem implies that for all compactly
supported g € L2([0, +00), C) with Fourier transform G, forall n € N :

+00 n
fo fn(S)g(S)dS=f F(wGwdp(w

n

Moreover, the generalized Parseval’s identity applied to f and g implies that
+00 +o00
f f(S)g(S)ds=f F(u)G(wdp(w)
0 —00
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Thus,

+00
fo (F(9) = fu(s)g(s)ds = f FG(wdp ()

|ul>n

so that by Cauchy-Schwarz inequality and Parseval’s identity applied to g :

1/2 +00 1/2
[ o) [ s
ul>n

Let b > 0 be arbitrary. Taking g(s) = f(s) — fu(s) if 0 < s < b and g(s) = 0 otherwise, we finally
obtain

+00
Uo (f(8) = fu(s)g(s)ds

b
fo (f(8) = fals)?ds < f F(w?dp(w
u

|ul>n

so that we get the desired result if we let b — +o0o0 and then n — +oo0. O

Remark 4.18
We will prove in Section 4.5 that the Fourier transform map f — F is surjective and thus
defines a one-to-one linear isometry between L2 ([0, +00),F) and L?(R,F, p).

With some additional smoothness properties, the expansion theorem holds almost every-
where or everywhere on [0, +00).

Corollary 4.19
Let f e L2([0, +00),C) with generalized Fourier transform F and assume that

f FO)p(s, Ddp(A)

converges absolutely (i.e. F(A)p(s,A) € L'(R,C, dp) for any fixed s = 0). Then

f(s) :f FN)p(s,V)dp(A) (4.27)

almost everywhere on [0, +00).

Proof. Theorem 4.17 implies that

fs)= lim f F(wo(s, wdp(w)

in L?([0, +00), C)-sense, so there exists an increasing subsequence (nk)72, =N such that
N
fls) = klim F(uwo(s, wdp(u) for almost all s € [0, +00)
—+00

—ng
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4.2. The integral expansion theorem

as a pointwise limit of functions. Since F(1)¢(s,A) € L'(R,C, dp), the pointwise limit in the
right-hand side is exactly

f F(w)d(s, dp ()

O
Corollary 4.20
Let f € L?([0, +00),C) be continuous with generalized Fourier transform F. Assume that
[e.0]
f FM(s, Mdp(d)
—00
converges absolutely and uniformly on every compact subset of [0, +c0). Then
o0
f(s) = f F)$(s,A)dp(A) Vs=0 (4.28)
—00o

Proof. By Corollary 4.19, it suffices to show that

Fls)= f FD(s, dp(A)

is continuous on [0,+00). Indeed, let sy € [0, +o0) be fixed and let € > 0. By absolute and
uniform convergence on [0, so + 1], there exists N € N such that for all s € [0, 59 + 1]

f |F)(s, )| dp(h) < = (4.29)
IAI>N 4

By uniform continuity of ¢(s,A) on [0, sy + 1] x [~ N, N], there exists § > 0 small enough such
that for all s€ [0,s¢+ 1], forall A € [-N, N] :

£
ANVZ(||Fll +1)

[s—sol <0 =1p(s,1) —p(so, V)| = (4.30)

Thus, for all s € [0, +o0o) such that |s — sg| < min{d, 1}, we have

|7(s) - fiso)| = ’ f FO)(@(s, A) —(P(so,/l))dp(/l)‘
N

f dp)
-N

The first term is bounded using Cauchy-Schwarz inequality and then our estimate (4.30) :
N

‘ f ..dp()
-N

The second term is bounded by our first estimate (4.29). This proves that f is continuous. [

<

+

f ...dp()l)’ —(+ @)
[Al>N

1/2 1/2

N N
< ( f NIF(MIde(/l)) ( f N(gb(s,A) —¢(so,M)2dp(A))

<e/2
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Our final goal in this section will be to prove an integral expansion theorem for

+00
f G(s, t,2)f(D)dt
0
when z € C\R. First, we prove that for z € C\ R fixed, the map

T, : L*([0, +00),C) — L?([0, +o0),C)

+00
F(O) = (To)(s) :=fO Gis,t,2) f(Ddt

is well-defined and continuous. This was already proven in the case z = i in Corollary 2.16.

Proposition 4.21 (T f is well-defined)
Forany fixedze C\Rand f € L2([0, +00),0C) :

+oo
s»—»f G(s,t,2) f(ndt
0

is well-defined, i.e. the integral converges absolutely.

Proof. We have

+00 s too
fo G(s, t,z)f(t)dtzﬁ’”(s,z)fo n(t,z)f(t)dtm(s,z)f B (t,2) f(Hdt
which is well-defined since ™, f € L2([0, +00), C). O
Lemma 4.22

Letze C\R and f € L*([0, +0c0),C) be fixed. For any sequence (f;, ~.< L?([0, +00),C) converg-
ingto f in L?([0, +00),C) :

a

n +00
lim [ |G (s, r,z)fn(mdr:f \Gls, 1, 2) f(1)]dt
0

n—+oo Jo

uniformly on every compact subset of [0, +00).

Proof. Let K < [0, +o00) be a compact subset. By definition of G and G,,, we have
+00 N +00
f |G(s,r,z)f(r)|dt=|ﬁm(s,z)|f In(t,z)f(t)IdHIn(s,z)lf B (1,2 f (D1, 520
0 0 s
and for n large enough,
i I s an
fo IGan(S,l‘,Z)fn(l‘)IdIZI,B“”(S,Z)IfO In(t,Z)fn(t)ldl‘+IU(S,Z)If |7 (8,2) fn(D)ldt, se K
S

Moreover, we have the following hypotheses :
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4.2. The integral expansion theorem

1. Blan(s,z) — B (s, z) uniformly on every compact subset of [0, +00).
2. Blan(s,2) 10,4, () — B™ (s, 2) in L?([0, +00),C) by Corollary 2.11.

3. fu— fin L2([0,+00),C) by hypothesis.

which is sufficient to prove the statement. O

Proposition 4.23 (T} is continuous)
Let z€ C\R be fixed. Then for any f € L?([0, +00),C) :

+00 2 +00 +00
[ (T2 ()] ds:[ U G(s,t,2) f(D)dt
0 0 0

2 1 +00
ds=< —Zf \f(n1Pde (4.31)
<5 J0

Proof. For a >0, it follows from Parseval’s identity (4.1) and (4.16) applied to fjj,4 that
2
f“ stzz {0 Aam) V20,0
0

n a%;,n'lla,n_ZF

<f’¢(s’7ta,n)>i2([0,a])
= ; 2 2

Ay n 25

a
f Gals, 1,2) f(D)d1
0

1 1@ 2
- [irwiar
ZZ 0

where we used the fact that the 1, ,’s are real. In particular, fora> b >0:

b 2 a
f dss[
0 0

Letting a — +o0 along the sequence (a;)°° ,, Lemma 4.22 implies

n=1
f
0

We conclude by letting b — +oo. O

a
f Gals, 1,2) f(D)d1
0

a
f Gals, 1,2) f(D)d1
0

2 1 a
dss—zf If(n1Pdt
25 J0

+00
f G(s,t,2) f(ndt
0

2 1 +00
ds< —zf If(D)?dt
z5 Jo

Corollary 4.24
Let L be in the limit-point case and let z € C\R be fixed. For g € C(L)2 ([0, +00),0),

+00
u(s) :f G(s, t,2)g(ndt
0
is of class Ciz ([0, +00),C) and is the unique solution to

Lu+zu=np™)g=-g

on [0, +o00) that is square-integrable and satisfies boundary condition (2.5).
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Proof. The solution u is in L?([0, +00),C) because of Proposition 4.23. Then, we proceed as
in the proof of Theorem 2.17 to show that u € C?([0, +00),C), Lu+iu=—g and Ryu = 0. The
unicity follows from the fact that we are in the limit-point case. O

To prove the expansion theorem for T, f, we will need the two following Lemmas :

Lemma 4.25
For any fixedze C\R :

an 2 +00
lim |Ga, (s, 1,2)] dr:f IG(s,t,2)* dt
0

n—+oo Jo
an dG(l 2 (o0} d 2
lim = (s, t,2) dt:f —(s,t,2)| dt
n—-+oo Jy s 0 ds
uniformly on every compact subset of [0, +00).
Proof. The proof is analogous to the proof of Lemma 4.22. O

Lemma 4.26
Let ze C\R and K c [0, +00) be compact. There exists C = C(z,K) > 0 such that for all n € N
andseK :

+°°¢(s,/1)2 +00 ¢(s A)?
f_oo N—z2 dpga,AW)=C f —I/l— z dpa,(V) <C (4.32)
Moreover, forall se K :
+°°<P(s,/1)2d DeC. +00 ¢>(s A)Zd e »
EEe——— <
f_oo A —z|? )= f |/1— 2 p) = (4.33)

Proof. Fix k€{0,1}.
For any j, n € N, using (4.14) (and differentiating the equality if k = 1) yields

k
ds (f(s; an]) an Z)f

(5,1, 2)¢(t, Ay, )1

and Parseval’s Identity (4.1) applied to f(¢) = k = (s, t, z) yields

k dk

d ‘,f(s Aap,j)? 49D 5,02

_f+oo d k d (A)
J aan 1Aay,,j— z|? oo M-z Pan

This finishes the proof of (4.32) since the left-hand side converges uniformly by Lemma 4.25.

k

f”ndG
0

dsk

dt=

(s, t,2)
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4.2. The integral expansion theorem

As for (4.33), observe that for all continuity points M < N of p and each p,,, forall n € N:

d*¢
dk
M A=z

—(s,A)?
dpg, (1) =C

Letting n — +o0, we have that for all continuity points M < N of p and each p,,, :

(s A)?
f dst  _ aoy<cC

We conclude the proof of (4.33) by letting M — —oo, N — +o0. O

Corollary 4.27
Let z € C\R. Then there exists C > 0 such that
+o0o 1 +00o 1
f dean(/’l)<CVn€N f 2dp(/l) C (4.34)
—00 |/1 - | —00 |A - |
Proof. This follows from Lemma 4.26 applied to z and K = {0}. O

Proposition 4.28
Letze C\R. Then

. +00 1 +00o
i a-zr “"w‘f_m A-zp P 3

Proof. Let € > 0. First, we show that for K > 0 large enough,

-K 1 +00 1 €
f T dPa =g fK TPV =g (4.36)
0o

independently of n € N. Let N = K. Integrating by parts yields

N N 1 pa,(N) pa )
d A) = ANd| - + 1 -1l 1
fK A=z PanV) fK Pa, (1) ( |A—z|2) IN— 22 {%m—zﬁ
<

By Proposition 4.4, we can find Ny =1 and 1 > C > 0 such thatforall 1 = Ny :

Pa,(A) - 1
M_Z|2 - CAI/Z

uniformly in n € N. In particular, for N = K= Ny :

Pa,(N) - 1 im pan(/l) 1
IN-z]2 = CNV2’ A=K K- 212 = CK172
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uniformly in n € N. It remains to estimate

f Pa,(Dd ( = z|2)

Since A — —(|A — z|) 2 is differentiable, we have

N +oo 1
S

where C does not depend on 7 € N. The integrals on the right-hand side are standard Lebesgue
integrals. Letting N — +o0 and choosing K = Ny large enough proves the claim.

Now, let € > 0 and let K > 0 be as in (4.36). Fix two points of continuity M < —-K <0< K < N
of p and each p,, such that

1
f[MN]c AP = (4.37)

This is possible thanks to Corollary 4.27. For this pair (M, N), there exists ny € N such that for

alln=ng:
N N
— —dpV)-| ——dp, (A
UM Az P fM A=z PV

by Proposition 4.7. Finally, combining (4.36), (4.37) and (4.38), we obtain

< (4.38)
< .

+00 1
) - f A)|<eVnzn
Uoo A= PN ) P °
which concludes the proof. O
Theorem 4.29 (Expansion theorem for 7% f)
Let z€ C\R be fixed. Let f € L?([0, +00),C). Then
+o0o /’L
(Tzf)(s)::f G(s, t,z)f(t)dt:f F(/l)(p(s )dp(/l), s=0 (4.39)
0 —

where both integrals converge absolutely.

Proof. The first integral converges absolutely because of Proposition 4.21 and the second
converges absolutely since F € L2(R,F, p) and ¢(s, 1)/ (A — z) € L*(R,C, p) by Lemma 4.26.

It suffices to prove the theorem for a smooth f € C*([0, +00),C) with compact support K :=
supp(f) < (0,+o0) and then use a standard density argument since T, is continuous and
¢(s,1)/ (A — z) is square-integrable.

Let s = 0 be fixed and let a > sup K. By (4.15), we have

f Guls, t,z)f(t)dt:f F(A)Md a(d) (4.40)
O —
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4.2. The integral expansion theorem

where a | ra
FO=F = [ feopee vdx =5 [ Lnwg vz
by Green'’s identity (see for example the proof of Proposition 4.18).

The left-hand side of (4.40) converges to (T, f)(s) as a — +oo along the subsequence (a,)},
by Lemma 4.22. Now, we study the right-hand side. Let M < N be points of continuity of p
and each p,,. Write

(s, 1) N
f F(/l)(p dpa(A) :f ...dpa(ﬂ)+f wdpa)=(1)+(2)
oo -z M [M,N]¢
Letting a — +oo along the subsequence (a,)$,, the first term converges to

lim F(A)Mdpan(/l) f F(A)¢(’ d )

n—+oo

and then letting M — —oco, N — +00, we get

lim lim F(A)‘/’(S Md Par M) = f F(A)(p(s Md )
M——ocon—+00 —
N—+o00
As for the second term, notice that by Cauchy-Schwarz inequality
A 1/2 AP 172
f P2 )dpam)s(f |F(A)|2dpam)) (f P A) dpam))
[M,N]¢ A-z (M,N]¢ MN<| A—z
1/2
sc“z( f IF(/l)Izdpa(/l))
[M,N]¢
cl/2 a 2 1/2
<— L ANdx| dpg(A
min{[M], [N} (f[M,N]efo (NP dpal ))
CI/Z +00 a 2 1/2
Sm(/_w fOL(f)(X)(l)(x’de dpa(/l))

where C = C(z,{s}) is the constant from Lemma 4.26. Thus, Parseval’s identity (4.1) applied to
L(f) implies

(P( A) 1/2 cl/2 +00 , |2
F(A —’ aD) s ——— f L d ) < —(f L d )
f[M,N] W apa) = m1n{|M| |N|}( LN min{|M|,|N|} o ILH ) ds
ie. K
/ F 2 4o,
[M,N]¢ A-z

converges uniformly in a to 0 as M — —co, N — +o00. Thus, we have

s, A )
lim lim F(/l)M dp,) = hm lim F(/l)M dpa(A) =
a—+oo M——oo [M,N]¢ ——00 a—+00 [M,N]¢
N—+o0o +00
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Chapter 4. The general case : Transform Theory

This concludes the proof. O

Remark 4.30
A similar proof shows that for z € C\R fixed and f € L?([0, +00),C) :

+o0 too
o oo A-z

where both integrals converge absolutely.

4.3 The spectral measure and the m-function

In this Section 4.3, we give formulas to express p(A) in terms of m(z) and vice-versa.

First recall that since m(z) is the limit-point or belongs to the limit-circle, we have

+00 &
f 157 (5, )2 ds = 12 (4.41)
0
by (2.19) and (2.20). Moreover, we have the following lemma :
Lemma 4.31
Let ze C\R befixed. Then
+00 +00 dop1)
m@ e AP ds - / P
5,2)| ds= _— 4.42
fo [F" 552 oo (21=A)2+25 (@42

Proof. Let a > 0. Since ¢(s,14,,) and ﬁlum (s, z) both satisfy (2.10), Green’s identity implies
that

_(d)ﬁla(z))o _ 1

Aa'n_z A/a'n_z

f(p(t,/la,n)ﬂla(z)(t,z)dt:
0

and Parseval’s identity (4.1) applied to f(t) = B« (¢, z) implies

+00
la(2)
f |'6 (t Z)' dt_z 2 Maj_Z|2 f M |2dpa()

Letting a — +oo along the subsequence (ay)},, we conclude using Corollary 2.11 and Propo-
sition 4.35. O

This leads to the following theorem :
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4.3. The spectral measure and the m-function

Theorem 4.32 (Inversion formula)
Let u < A be points of continuity of p. Then we have the following inversion formula :

A
lim | Sm(x+ie)dx=n(pA)—p(w)

e—0
>0 B

Proof. For € >0, we have

+00

Sm(x+ie) = f

—_—d , XeER
oo (x—0)2+¢2 plo), x

Integrating the equality on [u, A] with respect to x, we get

A A +00 €
L &‘sm(x+i£)dx=fu (j;w mdp(o))dx
By Tonelli’s theorem,
A +00 A €
fu %m(x+i5)dx=f_oo (fu mdx) dp(o)

f+oo /1_0-
- —00

arctan | —— | —arctan (
€
And by the Monotone Convergence Theorem,

)] dp(o)

A +00
lim Sm(x+ is)dx:f lim
e=0Jy —co £~
>0 £>

o L—0
arctan —arctan ( )
€ €

dx

+00 T .
:‘/; (E'X(IJ,/U(O-)+E'X{#}(U)+E'X{/l}(0'))dp(g)

= p(( ) + 5 pah) + 5 - pUIAD
=7 (o)~ p(w)
since u and A are points of continuity of p.

Remark 4.33
In fact, the proof shows that forany u< A eR:

A
lim Smx+ie)dx= z p(A) + lim p(x) _z p(w) + lim p(x)
e=0Jy 2 x—A 2 X—
>0 x<A x<p

Theorem 4.34 (Herglotz representation of mi(z))
Foranyz,zp € C\R:

+00( 1

m(Z)—m(zO)=f 12 1-= )dp(/l)
- - — 2

(eo]

(4.43)

(4.44)

(4.45)
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Chapter 4. The general case : Transform Theory

Proof. Let zp € C\R be fixed. Observe that

1 | zZ— 2z
A—z A-2 - A=2)(A—zp)

f-oo (/l—z - YL—ZO) P
is well-defined. Moreover,

+00 1 1
z— f(z) :=f ( - )dp()t)

o \A—z2 A-2

A—

€ L*(R,C, p)

so the integral

is holomorphic on C\ R and we can interchange derivative and integral. Indeed, let yp € C\R
be fixed and let > 0 be such that K := B(yy,28) < C\R. Then for any y € B(yy,0), we have

1
A=y A=y

B 1 2
A=yl A=yl T A2 462

ly=yol ™t

for all |A| large enough, so by the Dominated Convergence Theorem

. fO=-fo) .. f+°° _1( 1 )
lim ——————=1 - —- dp(A
[ e £ I LU rpevinly ey LGS0
—fm lim (y— )‘1(L—L)d )]
") YT A-y A=y P
+00 1 d /1
‘f_oo a=yz PV

Thus, m(z) — m(zp) and f(z) are two holomorphic functions on C\ R that have the same
imaginary part. It follows from Cauchy-Riemann equations that there exists two constants
¢4+, c— € R such that

+00

m(z)—m(zo)zf ( 1 - L )dp(/l)+c+ if3z>0 (4.46)
0o \ =2 A=-2
+00

m(z) — m(zg) =f ( 1 - )dp(/l) +c_ifSz<0 (4.47)
—0o \ =2 A=z

Without loss of generality, Sz > 0. By choosing z = zp in (4.46), we find c; = 0 and by choos-
ing z = zg in (4.47), we deduce that c_ = 0 since both the integral on the right-hand side of
(4.47) and m(zg) — m(zp) are pure imaginary numbers (recall that m(zg) = m(zyp)). O

4.4 The sprectrum of L

In this Section 4.4, we define the spectrum of L, give a sufficient criterion for L to have a
discrete spectrum and show that in the limit-circle case, this definition is consistent with the
definition from Chapter 3 (Definition 3.1) and that the expansion Theorem 4.17 is exactly the
expansion Theorem 3.11.
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4.4. The sprectrum of L

Definition 4.1 (Sprectrum, point spectrum, continuous spectrum)
The spectrum of L is defined as the set

p(L) := {1 € R| p is not constant in a neighborhood of 1}

We consider two subsets of the spectrum, namely the point spectrum and the continuous
spectrum :

Ppoint(L) := {1 € R| A is a point of discontinuity of p}

Pcont(L) :=1{A € R| p is continuous but not constant in a neighborhood of 1}

The remainder of the spectrum is called the residual spectrumand points in pcont(L)\ Ppoint (L)
form the essential spectrum.

Proposition 4.35
Let A* € R be fixed. Then

A* € ppoinL) = ¢p(s,A*) € L*([0, +00))

Proof. Assume that 1* € Ppoint(L). Let f € L2([0, +00)) be compactly supported. Then its
Fourier transform

+00
FQ) = fo FObx Vdx

is continuous on R and we have

+00 +00

(p(/l*)—Alirﬁl p(/l))F(/l*)Z:f F(/l)zdp()t)s/ F(/l)zdp(/l):f f(s)*ds
—Ax A* —00 0

A<A*

Setting f(s) = ¢(s,17) - x10,n1 (5), We get
n 2 n
(p(A*)—Alirﬁl*p(A))(f() qb(s,/l*)z) dp(ﬂt)sfo P(s,A*)?ds
A<A®

so we deduce that
+00 1

(s,A")2ds < _ <
0 ¢ p()l*)—/lhrﬁl*p(/l)
A<A”

+00

by letting n — +o0. O

Remark 4.36
In the limit-point case, the converse is true. See [Tit62], Chapter 3, Section 10. Moreover, we
can express the L2-norm of ¢(s, A*) in terms of the jump discontinuity. See Corollary 4.56.
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Chapter 4. The general case : Transform Theory

Definition 4.2
Points in ppeint (L) are called the eigenvalues of L and the associated ¢ (s, 1), A € ppoint(L), are
called the eigenfunctions of L.

Proposition 4.37 (Sufficient criterion for a discrete spectrum)

Let L be a SL operator on [0,+00) such that Slir+n q(s) = +oo. Then L has a discrete spectrum
— 400

(i.e. p(L) = ppoint(L))-

Proof. This is a consequence of Sturm Oscillation Theorem. See [Sar98], Lemma 3.1.1 for
more details. O

For the rest of this Section 4.4, we assume that L is in the limit-circle case. Our goal is to
show that the spectrum of L is only made of a point spectrum, which is exactly the set of
eigenvalues of L as defined in Chapter 3. Moreover, we prove that p(A) coincides, up to the
addition of a constant, with the function p(1) from Remark 3.12.

Proposition 4.38
The functions

+00 . +0oo .
Z 1—(z—i)f oL, z) ™V (¢, i)dt, sz(i)+(z—i)f 0(t,z)p™ P (t,i)dt
0 0
are holomorphic onC.

Proof. First, observe that the proof of Theorem 2.28 shows that for any compact subset K c C,
[lp(-, 2)|1 2 and |10 (-, 2)|| ;2 are uniformly bounded on K.

By the Cauchy-Schwarz inequality and Corollary 2.11, on every compact subset K c C, the
functions in the statement are respectively the uniform limit of the sequences of holomor-
phic functions

an N an .
z»—»l—(z—i)f o(t,2) Bl (1, i) dt, z»—»m(i)+(z—i)f 0(t,2) Bl D (¢, i)dr
0 0

Morera’s theorem then ensures that the limits are holomorphic. O

Proposition 4.39
ForanyzeC:

+00 . . .
1-(z—1) f ¢, 2"V (t,idr = lim ~(zp")s:= ~(p2p" oo (4.48)
0 —+00

Moreover, if {A,}5,_, denotes the set of eigenvalues of L in the sense of Chapter 3, then for any
AeR:

+00 .
1-(A- i)f GENB™ (1, )dt=0 <= Le N}, (4.49)
0
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4.4. The sprectrum of L

In particular,

+00 .
z— 1—(z—i)f O(t,2) ™ (¢, i)dt
0

is holomorphic, non-constant and its number of zeros is at most countable.

Proof. Equation (4.48) follows from Green’s identity and Equivalence (4.49) follows from the
definition of an eigenvalue in Chapter 3. O

Proposition 4.40
Foranyze C\R:

+00 . oo .
(1—(z—i)f O(t,2) ™ (¢t iydt| m(z) = m(i)+(z—i)f 0(t,2) ™ (¢, i)dt
0 0
Proof. Since pland (s, z) and Bl (s, i) both satisfy (2.10), Green’s identity implies that

(z—10) f " Blan @ (1, 2) Blan D (¢, 1yd t = —(Blon @ plan D)y = 1, (2) — L, (1)
0

Letting n — +o0 and using Corollary 2.11, we find
+00 .
(z— i)f B (t,2) ™V (¢, i)dt = m(z) — m(i) (4.50)
0

Writing ,B’”(Z) (s,2) =0(s,2)+ m(2)¢(s, z) and since 0,¢ € L%([0, +00), C) in the limit-circle case,
we can write

+00 .
f B (t,2) "D (¢, i)dt = f
0 0

+

0o . +oo .
0(t,2) "™ (¢, i)dt + m(z)[ o1, 2" (¢, ) dt
0

Corollary 4.41

Let L be in the limit-circle case. Let {1}, be the set of eigenvalues of L in the sense of Chapter
3. Then m(z) has an analytic continuation to C\ {/ln}‘,’f:1 such that m(z) is real on R\ {/ln}‘;lo:l
and each Ay, is either a pole or a removable singularity of m(z).

Proof. By Proposition 4.39 and 4.40, the meromorphic function

+00 .
m(i)+(z—i)f 0(t,2) ™ (¢,i)dt
0

+00

1-(z—1i) o(t,2) ™ (¢, )dt
0

Z—

extends m(z) holomorphically on R\ {1,}77 ;.
Therefore, m(z) is an holomorphic function on C\{A,}57 , such that m(z) = m(z) and Sm(z) >

0 if 3z > 0. By continuity of Sm(z), m(z) must be real on R\ {1,}7>,. Moreover, if A, is
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not a removable singularity, it follows from the Argument Principle (see [Sim04], Proposition

13.8.1) that A, is a pole. O
Corollary 4.42
For any interval [u, A] < R\ {1}, p(A) is constant on [y, A].

In particular, each discontinuity point of p(A) belongs to {1}, .

Proof. This follows from Theorem 4.32 and the fact that m(z) has a well-defined continuous
extension on a neighborhood of [y, A] and is real-valued on [y, A]. O

Corollary 4.43
The set of discontinuities of p(A) is exactly {1,157 .

Moreover, forany ne N :
1

_— (4.51)
llp(s, An)l1Z,

p(An) =~ lim p(A) =

<A,

Proof. Let {pn}ﬁ‘f:l < {412, M € NU {+o0}, be the set of discontinuities of p(1). Then any

n=1’
f € L?([0, +o0),C) can be represented as the following limit in L?([0, +o0), C):

n k
f= lim_ f_ FOGsdp) = fim, 3 Fun)g(s ) (Pt = Jim ()

H<Hn
k
= lim ) apd(s,pn),  an:={f, (s un)drz - (0(n) — lim p(w) (4.52)
S i

where F € L?(R,C, dp) denotes the Fourier transform of f. Moreover, the orthogonality of the

M

eigenfunctions {¢(s, un)},_;

implies that

R CYn YR

= =12,...M
"l pa)ll2,

Assume that there is some 7 € N such that A, ¢ {um}%zl. Then taking f = ¢(s,1,) in (4.52),
we deduce f = 0 since the eigenfunction ¢(s, ;) is orthogonal to the other eigenfunctions
{d(s, um)}lr‘n’[zl, which is a contradiction. O

Corollary 4.44
In the limit-circle case, the function p(A) coincides, up to the addition of a constant, with the
function p(A) from Remark 3.12.

Corollary 4.45 (Orthogonality of eigenfunctions)
Let L be in the limit-point or limit-circle case. Then for any eigenvalues A # i € ppoint(L), the
eigenfunctions (s, A) and ¢ (s, u) are L*([0, +o0)) -orthogonal.
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Proof. In the limit-circle case, this follows from Corollary 4.43 and Proposition 3.8.

In the limit-point case, since ¢ (s, 1) and ¢(s, 1) are respectively the unique square-integrable
solutions to Lu+iu = (i —A)u and Lu + iu = (i — p) u satisfying (2.5), we have

+00
b5, 1) = (A - z')f Gs, £, )t )t
0
+00
o, ) = (u— i)f0 G(s, t,D)p(t, wdt

Then, it suffices to repeat the proof of Proposition 3.8. O

Corollary 4.46

IfL has a discrete spectrum, the expansion Theorem 4.17 takes a discrete form as in the compact
case or in the limit-circle case. More precisely, the set of normalized eigenfunctions of L forms
an orthonormal basis of L?([0, +o0), F).

4.5 Surjectivity of the Fourier transform

In this Section 4.5, we prove that the Fourier transform is surjective and hence defines a bi-
jective linear isometry between L?([0, +00),F) and L?(R,F, p). This will be a consequence of a
reverse generalized Parseval’s identity. In order to prove this identity, we will need multiple
technical lemmas that allows us to prove the identity for a dense subset of functions. Our
main reference for this chapter is [Tit62].

Proposition 4.47
For any fixed v1 < 12 € R,

%]
f Sm(x+ie)dx
v

1

is uniformly bounded with respect to € € (0,1].

Proof. This follows from Equation (4.44). O

Corollary 4.48
For any vy < v, €R, there exists C > 0 such that for all0 < € < 1, we have

%]
f Im(x+ie)ldx <
v

1/2
1 £

Proof. Recall thatforanyze C\R:

+00 o
[ |ﬁm(z)(3, Z)|2 ds = Sm(z)
0 22
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Using this, Equation (4.50) and Cauchy-Schwarz inequality implies that forany ze C\R:

/2
. . ISm(2)! .
Im(2) < Im(@)| +1z—i]- —— 75— 1Sm@)|"?
|2
Thus, for 0 < € < 1, we obtain
V2 . v2 Sm(x + ig)!/?
[ |m(x+te)|dst1+C2f de
U1 U1 £

V2 Sm(x + ig)d )1/2
—dx
) €

C3 vy 1/2
<=5 (f Sm(x+ ie)dx)
& "

<Ci+Cy(vy— U])l/2 (f
v

for some positive constant C3 depending only on vy, v, and m(i).

We conclude by Proposition 4.47. O
Proposition 4.49
Let
A
k(M) ::lir% Sm(x+ie)dx, LeR
€20Jo
>0

which is well-defined, non-decreasing and right-continuous by Equation (4.44). Let a < b be
points of continuity of p(1). Then for any continuous function f € C°([a, b)), we have

b b
f FOAE) =7 f FdpO
a a

Proof. Observe that by Equation (4.44), k(A) and p(A) have the same points of continuity.
Moreover, for any points of continuity a < b of p(1), we also have

k(la, b)) =n-p(la,b])

Approximate f by a sequence of step functions as in the proof of the Theorem 4.7 and con-
clude with the above observation. O

Lemma 4.50
ForanyueRands=0:

lim | S(B™EE (s, x+ ie))dx = f ¢ (s, V) dk(A) (4.53)
0

e—0
>0 0

In particular, if u; < uy are points of continuity of p(1), we have

U

lim 2iv‘(ﬁ’"(“"f)(s,x+ie))dx:n f 2(p(s,/1)dp(7t) (4.54)
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Proof. Let ueRand s =0 be fixed. For any z € C\R,
3™ (s,2) = (05, 2)) + R(M(2)S(P(5,2)) + S(M(2)R(P(s, 2))

SO we can Separate
u .
f I(BMHIE) (5, x + i€))dx
0

into three parts. Since (s, z) and ¢(s, z) are holomorphic when s is fixed and are real when z
is real, the mean value theorem implies that for any x € [0, ] and € € [0,1] :

IS@(s, x+i€))—0]<Ce, [S(P(s,x+1ie))—0|<Ce (4.55)
where
C:=max{ max 10,(s,2)|, max |p;(s2)|}
ze[0,u] x[0,1] ze[0,u] x[0,1]
Thus,
u
Iim | S@(s,x+ie)dx=0
e—0Jo
>0
and since

1/2

u u 1/2 u
U R(m(x+i€)I(P(s, x + i) dx s([ |m(x+i£)|2dx) (f IS (p(s, x +ig))|*dx
0 0 0

we also have "
lim[ R(m(x+ie))S(P(s,x+ie))dx=0
0

e—0
>0

by Corollary 4.48 and estimate (4.55).

Finally, we show that

u u

liII(l) S(m(x+ie))R(P(s, x+ ie))dx:f ¢(s,)dk(Q)
0" 0

Indeed, integration by parts yields

X=u

f S(m(x+ie))R(p(s,x+ig))dx =
0

(f Sm(t+ ie)dt) R(p(s, x+i€))
0

0

—f (f &‘sm(t+i€)dt)§R(¢z(s,x+ie))dx
o \Jo

By Corollary 4.47 and the Dominated Convergence Theorem, we can interchange limit and
integral in the right-hand side when letting € — 0, € > 0. Thus,

u

lim [ S(m(x+ie)R(p(s,x+ie))dx = [k(x)¢(s,x)]§:“—f k(x)¢p. (s, x)dx
0

e—0
>0 0

_ f (s, )dk(A)
0
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using integration by parts once again. O

Lemma 4.51
For any compact subset K c R,

+00 u . 2
f U SO (t, x + ie))dx| dt
0 0

is uniformly bounded with respect to u € K and € € (0,1].

Proof. Let ze C\Rand a > 0. Since ¢(s, A4,,) and B« (s, z) both satisfy (2.10), Green’s iden-
tity implies that

_(¢ﬁla(z))0 _ 1

Aa'n_z A/a'n_z

a
fo Bt, dan) P (1, 2)d 1 =
Letting z = x + ig, € > 0, and taking the imaginary part, we get

f O, Aan)S(BTE (1, x + ie))dt = (4.56)
0

(Aa,n —x)2+¢?

Fix K < R a compact subset and let u € K. Integrating (4.56) on [0, u] with respect to x and
using Fubini-Tonelli Theorem yields

f(/)(t,/la_n)(f %(ﬁl“(x+i5)(t,x+ie))dx)dt:f £
0 0 0

————dx
Aan— x)?+ €2
Parseval’s identity (4.1) then implies

r

2 1 [u £
dt= d
Z 2 Jo Aan— x)? + €2 *

n Qgn

+00 u €
[—oo (j; de) dpa(A)

‘/+oo
—00

u .
f S(BL O (1 x + ig))dx
0

arctan (MT) —arctan (%)] dpaA)

In particular, for 0 < b < a, we have

b 2 +00
[ dts[
0 —00

Let0 < e < 1and b> 0 be fixed. Since (Bl O+ (¢, x + ie)) “ X10,a,] (£) converges uniformly to
%(,Bm(x”g) (t,x+ ie)) with respect to t € [0, b], x € [0, u], we have

2 b
)

u .
f S(BLO (¢ x + ie))dx
0

arctan(u ) —arctan(%)] dpaA)

2
lim
n—+oo Jo

b u .
f S(Blan O+ (1, x + i€))dx
0

u .
f%(ﬁm(x+’£)(t,x+i£))dx
0
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4.5. Surjectivity of the Fourier transform

Moreover, there exists C = C(K) >0 and N € N such that for [A| > N and 0 < € <1, we have

u)—arctan(o_l)‘ < ¢
€ £ TP +1

arctan

Therefore, a similar argument to the proof of Proposition 4.28 shows that

+00

- 0-1
lim arctan (u_) —arctan (—) dpa,A)
n—+o0o J_ £ &
+oo - 0-1
= lim arctan (u_) —arctan (—)] dp(A)
n—+oo J_ £ £

Thus, we have proved thatforanyO<e<land b>0:

b 2 +oo u-2A 0-21
f dt < f arctan —arctan —
0 -0

€
Letting b — +00 and then noticing that the right-hand side increases as € — 0,& > 0, we have

dp(A)

u .
f‘\‘s(ﬁm(x+’£)(t,x+i£))dx
0

2 +00
dt<lim

e—0J_0o
>

u—A

+o0| pu . _
f U S(BMHIE (¢, x + ig))dx arctan(—) —arctan(u)] dp(A)
0 0 € €

for any € € (0,1]. This concludes the proof since the right-hand side is uniformly bounded
with respect to u € K (see the proof of Theorem 4.32). O

Corollary 4.52
ForanyueR, forany g € L2([0, +00)), we have

+00

u i +00 u
lim g(t)(f %(/3’”("+l£)(t,x+ie))dx)dt:f g(t)(f <p(t,A)dk(A))dt (4.57)
€=0Jo 0 0 0
>0

Proof. Let u € R be fixed. The following family of functions indexed by € € (0, 1]
u .
fuls):= f (BMEHE) (5, x + i€))dx, =0
0
converges pointwisely as € — 0, € > 0, to

lim %(ﬁm(x”f)(s,xﬂg))dx:f d(s, VdkA) =: f(s), s=0
0" 0

by Lemma 4.50.

Moreover, the family (f;(s))g<¢<1 is uniformly bounded with respect to the L?([0, +00))-norm
by Lemma 4.51. In particular, Fatou’s Lemma implies that the pointwise limit f(s) is square-
integrable.
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We now prove that for any g € LZ([O, +00)) :
+00
gg%fo 18D fu(0) - gD F (DL =0
>0

In fact, it suffices to prove the equality for continuous and compactly supported g € C([0, +00))
and then use a standard density argument. So assume that g is continuous and compactly
supported, say supp(g) < [-K, K] for some K > 0.

Define

C:=max{ sup ||fellz2((0,+00)) 1 f 1 12(0,+00))}
O<e<l

Let 6 > 0 be arbitrary. By Egorov’s Theorem, there exists a Lebesgue measurable subset A
[-K, K] for which

0
lim f¢(s) = f(s) uniformly on [-K, K] \ A, f g(t)zdt <—
e—0 A 4C

>0

Let y > 0 be small enough so that

0
O<esy— su [fe(8)— )| € ———
[ A T SISy

Thus, for 0 < € <y, we have

+00
f Ig(t)fg(t)—g(t)f(t)ldtzf Ig(t)fg(t)—g(t)f(t)ldHf g0 — gD f(DldE
0 [-K,K]\A A

SHg”oof Ife(t) - f(D)ldt
[-K,KI\A

1/2 1/2
+(ng(t)2dt) (fA(fg(t)—f(t))zdt)

5 1/2
= > + (fA g(t)zdt) (U fell 2210, +00)) + 111 12(10,400)))

<o

where we used Cauchy-Schwarz inequality and the triangle inequality for L?([0, +00))-norms.
Since 6 > 0 was arbitrary, this concludes the proof. O
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4.5. Surjectivity of the Fourier transform

Lemma 4.53
Foru >0, let

w(s,u):= f ¢(s, Vdp(A) € L([0, +00))
0

be the inverse Fourier transform of 0,1 (A). For any points of continuity uy < up and vy < vy €
R of p(A), we have

+00
fo (w(s, up) —w(s, u))(w(s, v2) —w(s,v))ds = p(ws) — p(wy) (4.58)

where w; = max{u, v1}, wo = min{uy, va}.

Proof. For a> 0, define

Wqa(s, u) :=f0 P(s,1)dpa(A) € L*([0,+00))
By Fubini-Tonelli Theorem, we have that
a U a
f (Wal(t, u2) —walt, ul))ﬂ"‘(Z)(t,z)dt=f (f ¢(s,A)ﬂl“(Z)(t,z)dt) dpa(A)
0 uy 0

- ¥ 1

a2
niuysAgp<suy “a,n

[ ot 2ampt s s
0

forany a > 0 and z € C\R. Since ¢(s,14,,) and ﬁl“(Z) (s, z) both satisfy (2.10), Green'’s identity
implies that the right-hand side is exactly

Z _(¢ﬁla(z))0
U <Agn<up a%z,n : (Aa,n -2)

Z 1
n:uySAgp<up a%z,n : (Aa,n - 2)

_fuz dpa(l)
w A—z

f(wa(t,uz)—wa(r,ul))ﬁ’““)(nz)dm
0

o0

Letting a — +oo along the subsequence (a,)5,,

Corollary 2.11 implies that

+oo Uy d A/
f () -t u) " adi = [ LW (4.59)
0 u A/_Z
for any z € C\ R. Taking the imaginary part, this becomes
+00 1223
f (1, up) ~ w(t, u))SP" P (1, 2)d 1t = f 2 dp) (4.60)
0 w A=z1)*+2z5

We write z = x+1i¢,€ > 0, and integrate (4.60) on [v;, v»] with respect to x. The same argument
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as in the proof of Theorem 4.32 shows that

e—0
>0

i [ [ 5 apa
lmfvl ful A—x)2+e2 pAdx =n(p(wz) — p(w1))
Moreover, by Fubini-Tonelli Theorem :

%3 +o00 X
f f (W(t, up) — w(t, ur) ISP (¢, x + ie))dtdx
141 0

+00 123 .
=f (w(t, u2) — w(t, ul))(f (\‘s(ﬂm(x+’£)(t,x+i£))dx)dt
0 v

1

Finally, Corollary 4.52 implies that

+oo Uy 3
lim (w(t, up) —w(t, uy)) U (B (1, x + is))dx) dt
00 n
+00
= lin(l) (w(t, up) — w(t, u))(w(t, v2) —w(t, v1))dt
£€=VJo
>0

Theorem 4.54 (Reverse generalized Parseval’s identity)
Let F,G € L*(R,C, dp) with respective generalized inverse Fourier transform f,g. Then

+00 +00 -
f F(/I)G(/l)dp(/l):fo f(9)ge)ds

Proof. Lemma 4.52 implies that the reverse generalized Parseval’s identity holds when F and
G are of the form yy,, () for points of continuity u < v of p(1). Such functions are dense
in L?(R,C, p). Let (Fn)5.y (Gr)os, < L?(R,C,dp) be sequences of such functions converging
respectively to F and G in L?(R,C, dp). By inequality (4.25), the associated sequences of in-
verse Fourier transform (f,,)52,, (8x)52; < L2([0, +00), C) converges respectively to f and g in
L2([0, +00),C). Thus, for every n € N, we have

+00 +00
f F,A)G,A)dpA) = A fn()gn(s)ds

(e 0]

and it is easy to check that the theorem is proved by letting n — +oo. O

Corollary 4.55 (Surjectivity of the Fourier transform)
Let F € LZ(IR,C,dp) with generalized inverse Fourier transform f € L%([0, +00),C). Then the
generalized Fourier transform of f is exactly F.

Proof. Let E be the Fourier transform of f. By hypothesis and by Theorem 4.17, F — F' has
inverse Fourier transform 0 € L?([0, +00), C). By the reverse Parseval’s identity (Theorem 4.54),
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4.5. Surjectivity of the Fourier transform

we have that o oo
f IF(A) - FW)12dp(A) :f 0%ds=0
- 0

(e 0]

which concludes the proof. O

Corollary 4.56 (Jump discontinuities of p(1))
Let u* be an eigenvalue of L, i.e. a point of discontinuity of p(A1). Then the Fourier transform
of b(s, u*) is exactly

n
lim f ot 1 )Pt Vdt = (p(*) — Hm_p(x) " ygue (1) (4.61)
n—+oo 0 X—pu
x<p*
In particular,
+00o
fo e, Pde=(p(u*) - xliritl*p(x))_l (4.62)
x<p*

Proof. The inverse Fourier transform of y,+;(A) is

f ¢(s,1)dp(A) = (p(p*) — lim_p(x))¢p(s, 1)
o X
x<p
Taking the Fourier transform, Corollary 4.55 proves (4.61).
As for (4.62), take (nx)32, <N an increasing sequence such that
ny
lim fo Gt u")p(t, V)dt = (p(u*) - xhrﬂ p(X))p(s, 1)

k—+00
*

xX<py

pointwisely p-almost everywhere on R. Since {¢*} has non-zero measure with respect to dp,
we can take A = pu* and conclude.

O

Corollary 4.57
For any fixed s = 0 and z € C\R, the Fourier transform of G(s, t, z) (as a function of t) is exactly
n A
lim f Ges, £, 2t Ve = LY
n—+oo 0 A/ —Z

Proof. Let g(s, A, z) be the Fourier transform of G(s, t,z). By Theorem 4.29, the generalized
Parseval’s identity (Corollary 4.24) and the surjectivity of the Fourier transform (Corollary
4.55), we have

+00 +00 A
f F)g(s, A, 2)dp(A) = f F 222 4o
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for any F € L?>(R,C, p). The fundamental lemma of calculus of variations (see [Dac09], Theo-
rem 1.24) allows us to conclude. O

Corollary 4.58
For any fixed s = 0 and z € C\R, the Fourier transform of ™9 (s, z) is exactly

n—-+oo

n 1
: m(z) —
lim fo B (z,2)p(t, V)dt = 12

Proof. See Remark 4.30 and the proof of Corollary 4.57. O
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Examples

5.1 Fourier equation

We consider the classical Fourier equation

d’u
Lu(s)+Au(s):=—(s)+Au(s)=0,s=0
ds?

with fundamental system of solutions
{u(l) (s,A):= cos(\/zs), u(z)(s, A) = A2 sin(ﬂs)}

where VA = A2 denotes the principal square root of A. It has already been established in
Proposition 2.29 that this problem is in the limit-point case.

5.1.1 Finding the limit-point

Let h € [0, ) be fixed. We form

n(s,A) := —sin(h) - cos(VAs) + cos(h) - A~2sin(vV'As)
0(s,A):= cos(h) ~Cos(\/zs) +sin(h) - A2 sin(\/Zs)

Let z € C\R with Sz > 0 be fixed. We are looking for m(z) € C, Sm(z) > 0, such that 6(s, z) +
m(2)n(s, z) € L*([0, +00), C). Observe that

0(s,z) + m(z)n(s,z) = a-exp(ivzs) + b-exp(—iv/zs), a= a(z),b=b(z) € C

Since $v/z > 0 for Sz > 0, we have that the above solution is in L2([0,+00),C) if and only if
b = 0. Moreover, the initial conditions on 6 and n implies a = cos(h) — m(z) sin(h). Thus, m(z)
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satisfies the system of equations

{21 (cos(h) —i-sin(h)z"% — m(z)sin(h) — i - m(z) cos(W)z~1/?)) = cos(h) — m(z)sin(h)
-

L(cos(h) +i-sin(h)z7Y'2 — m(z)sin(h) +i - m(z) cos(h)z"Y%)) =0

This leads to
_cos(h) +i-sin(h)z™''?  sin(h)-i-cos(h)yz

m(z) sin(h) —i-cos(h)z"12 ~  cos(h) +i-sin(h)y/z

and this formula also holds when Sz < 0.

5.1.2 Finding the spectral function

Assume first that cot(h) <0 (i.e. h € [n/2,7)) or h =0. Then Sm(z) is well-defined and contin-
uous on
{zeC|Sz=0,Rz<0lu{zeC|TJz=0,Rz> 0}

and for real values of z, we have

Vz
Sm(z) =< cos(h)? + zsin(h)?
0 ifz<0

ifz>0

For p < 1 € R, consider the non-decreasing and right-continuous function k(u) defined (up
to an additive constant) by

A
k) — k(u) := limf Sm(x+ie)dx
e—0 U

>0

Explicitly, for p < A1 € R, we have

min{A,0}
k) - k() = f VX

max{u,0) €Os(h)? + xsin(h)?

Setting k(0) = 0 to fix notations, we find that k(u) : R — R is continuous and is equal to

2cos(h)*tan(h) 3 (tan(h)v/u —arctan(tan(h)vw)) if h € (n/2,7), u>0

2

~ud? if h=0, u>0
k(uy=<3

2vVu ifh=n/2, u>0

0 ifu<o

Since k(u) and p(u) have the same points of continuity and since k(1) — k(u) = p(1) — p(u) at
points of continuity u < A, we can set p(u) = k(u) as our spectral function on R. Note that in
this case, in order to get the expansion theorem, it is not needed to compute p(u) explicitly.
Indeed, p(u) is absolutely continuous, so we only need its derivative almost everywhere (i.e.

90



5.1. Fourier equation

Sm(z) for real z) in order to consider the Stieltjes integral with measure p.

Assume now that cot(h) >0, h #0 (i.e. h€ (0,7/2)). Then Sm(z) is well-defined and continu-
ous on
{zeC|Sz=0,Rz< —cot(h)z} U{zeC|Sz=0,Rz> —cot(h)z}

and for real values of z, we have

Vz
Sm(z) = { cos(h)? + zsin(h)?
0 if z<0,z # —cot(h)?

ifz>0

For pu < A € R, consider the non-decreasing and right-continuous function k(u) defined (up
to an additive constant) by

y)
k) — k(p) := limf Sm(x+ie)dx
e=0Jy

>0

Then k(u), and thus p(u), is constant on (—oo, — cot(h)?), constant on [—cot(h)2,0] and con-
tinuous on [— cot(h)?2, +00).

To fix notations, we set p(u) = 0 on (—oo, —cot(h)?). As mentioned in Remark 4.36, we know
that p(u) necessarily has a jump discontinuity at — cot(h)? because

¢(s,—cot(h)?) = n(s,— cot(h)?) = —sin(h) exp(— cot(h)s)

is square-integrable with squared L?-norm equaling

sin(h)3

— (_ 2\-1
2cos(h) p(=cot(h))

+00
sin(h)zf exp(—2cot(h)s)ds =
0

by Corollary 4.56. For u > 0, we proceed as in the previous case and obtain finally

2cos(h)~*tan(h) > (tan(h)v/u — arctan(tan(h)v/u)) + p(0) if u > 0

2cos(h) . 2
p(uw) = W if —cot(h)*<u<0
0 if u < —cot(h)?

5.1.3 Expansion theorem
Assume first that h € [/2,7) or h = 0. For f € L?([0,+00),C) and A = 0, we can write
n
FA) = nlirfoofo o, dt

n
= lim
n—+oo 0

f@ (— sin(h) - cos(\/zt) +cos(h) - 1712 sin(ﬁt)) dt
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as alimit of functions in L?(R, C, p). Observe that the value of F(1) on (—o0,0) does not matter
and can be set to be = 0 since this set has p-measure zero. Since p(u) is absolutely continuous
on R with derivative 3m(u) almost everywhere, the inversion formula yields

fl&)= nlirpoof() F(u)¢(s, wdp(u)

nliIP F(w) (—sin(h) - cos(y/is) + cos(h) - u 2 sin(y/us)) dp(w)
—+o0 Jy

lim F(w) (—sin(h) - cos(y/is) + cos(h) - 2 sin(y/ps)) Sm(u)du

n—+oo 0
= lim nF(p) (—sin(h) - cos(y/s) + cos(h) - =2 sin(y/1is) ) vE v
n—+oo Jg cos(h)? + usin(h)?

as a limit of functions in L?([0, +00),C) and where the last integrals are standard Lebesgue
integrals.

Assume now that 4 € (0,7/2). For f € L?([0, +o0),C), A > 0, we can write
n
F(A) = nlirPoofo FOPt,Ndr

n
= lim f (— sin(h) - cos(VAt) +cos(h) - A~1/? sin(\/xt)) dat
0

n—+oo

and for A = —cot(h)?, we necessarily have
+00
F(-cot(h)?) = —sin(h)f f(t)exp(—cot(h))dt
0

Observe that the value of F(1) on (—oo, — cot(h)?) U (— cot(h)?,0) does not matter and can be
set to be = 0 since this set has p-measure zero. Since p(u) is absolutely continuous on [0, +o0)
with derivative Sm(u), the inversion formula yields

n
f(s)Zf F(wo(s,wdp(p)+ lim f F(uwo(s, wdp(w)
{-cot(h)?} n—+o0 Jo

= F(—cot(h)*)¢(s, — cot(h)?) p(— cot(h)?)

n
) o ' L2 s vE
+n1irPoo A F(w) (—sin(h) - cos(y/is) + cos(h) - u~"'*sin(y/ps)) cos(W)? + psin(h)? H

+00
=2cot(h)exp(— cot(h)s)f f(t)exp(—cot(h)t)dt
0

n
. i (I o S12 VH
+ lim F(w) (—sin(h) - cos(y/is) + cos(h) - u~''* sin(y/ps)) cos(h)2+psin(h)2d'u

n—+oo Jo

as a limit of functions in L2([0, +00),C) and where the last integrals are standard Lebesgue
integrals.
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5.2. Laguerre polynomials

5.1.4 Inversion formula for the sine and cosine transforms

The choices h = 0 and h = 7/2 yields the following expansions for f € L?([0, +o0),C) :
n
Fp=o() = lim f FOA Y2 sin(VAr)de
n—-+oo 0
n
fls) = nEToof() Fp—o(u) sin(/s)du
and
n
Fp=n;2(A) = lim —f f(®)cos(VADdt
n—+oo 0
n
- lim — ~1/2
fo= lim fo Fp=p2()p™""“ cos(y/us)dp

For simplicity, we assume that f € LY([0, +00),C) N L2([0, +00), C). Combining both yields the
Fourier inversion formula for the sine and cosine transforms. Indeed, we find

n +00
f(s)= lim lfo fo FOp Y2 (sin(y/t) sin(y/11s) + cos(y/it) cos(y/is))d td

n—+oo 2

n +00
= lim lf / f(t),u_l/zcos(\/ﬁ(t—s))dtdp
o Jo

n—+oo 2

Vn p4oo
= lim f f f(®)cos(u(t—s)dtdu
o Jo

n—+oo

as a limit of functions in L2([0, +o00), C).

5.2 Laguerre polynomials

5.2.1 Definition and basic properties
Definition 5.1
The Laguerre polynomial of degree n, n = 0, is defined as

n
Lp(x):=¢e* ddx” (x"e™)

More generally, the n-th generalized Laguerre polynomial, n = 0, with parameter a € R is
defined as

n
LW (x):= x‘“exﬁ (x

n+ae—x)
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Remark 5.1
It follows from Leibniz formula that L'® (x) is a polynomial of degree n. More precisely,

n-1
LP ) =D"x"+ ) (—l)k(Z)(n+a)(n—1+(x)-...-(lc+ 1+a)xk
k=0

Proposition 5.2
The polynomial L(n“) (x) satisfies the differential equation

xt () +(@+1-x)u' (x)+nu(x)=0, x=0 (5.1

called Laguerre equation.

Proof. Let y(x) = x"*%e™*. Then

xﬂ( )=(a+n—-x)yx)
dx " XYy

Differentiating this equation (n + 1)-times, we get

n+2 n+1 n+l1 n

d"y
X n+J2/(x)+(n+1)d Y- (@+n-x) " n+Jl/(x)—(n+1)

(%)
by Leibniz formula. This means that y(") (x) satisfies the differential equation
xy' () +A+x-a)y (x)+(n+1Dyx)=0, x>0
and that u(x) = x %e*y™ (x) = L'? (x) satisfies the differential equation
xu" 0+ (@+1-x)u'(x)+nux) =0, x>0

By analyticity of le“) (x), this is also satisfied at x = 0. O

Remark 5.3
Let A € R be fixed and let u € C2((0, +00)). Then u(x) solves

WX +@+1-x)u' () +Alux)=0, x>0 (5.2)
if and only if it solves

e (x) + Ax%e *u(x) =0, x>0 (5.3)

5.2.2 Thecasea=-1/2

In this Section 5.2.2, we choose and fix ¢ = —1/2.
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Proposition 5.4
For A € R fixed, the differential equation

1
xu (x) + (E —x) ' (x)+Au(x)=0, x>0 (5.4)
has solutions
u(x)—iaxk aeER, a —$a k=0 (5.5)
1 _k_o kA 0 ’ k+1_(k+1)(k+1/2) k= .
® k—A+1/2
1/2 k
= bix*, bpER, bxy7=———————br k=0 5.6
Up(x) =x kgb kX", Do € k+1 (ktD(k+3/2) k (5.6)

where the infinite sums converge absolutely on R.

Moreover, if A € N, then u; (x) is a polynomial and for ag = L%_I/Z) (0), we have u;(x) = LE{”Z) (x).

Proof. The solutions are obtained using Frobenius method (see for example [Tes12], Chapter
4), but this does not really matter. Checking the statement is straightforward. O

Remark 5.5
The relationship between u; (x) and ag, respectively between u,(x) and by, is linear.

Proposition 5.6
Let A € R and consider the differential equation

xu” (x) + (% —x) U (x)+Alu(x)=0, x>0

This differential equation is equivalent to the Sturm-Liouville problem

2

") + l—t—) O+Av()=0,t>0 (5.7
v 1 16 v v =0, .

The relationship between solutions of (5.4) and (5.7) is given by

x= 1214, v(t) = e *'?

ulx), x,t>0 (5.8)
Proof. Equation (5.7) is obtained from (5.3) using a Liouville Transformation (see for example
[Eve05], Section 7), but this does not really matter. Again, the statement can be checked
easily. O

Remark 5.7
The SL operator defined with p(f) = 1 and g(t) = t/16 — 1/4 is in the limit-point case (c.f.
Corollary 2.33) and has a discrete spectrum (c.f. Proposition 4.37).
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Chapter 5. Examples

Corollary 5.8
For A € R fixed, the SL equation

"(t)+(l—t—2) (O+Av()=0,t=0
v 1 16 v v =0, 1=

has solutions
0 k-1
f = e 18 ag 12k €R, = a4 k=0 59
n)=e kgo G B R Mt = G e+ 1/2) 9
1 8 X by 2kl k—A+1/2
== Zky  bo€ER, b =— b k=0 5.10
=3¢ Y 0€® Pknt = i D kv 312k >

where the infinite sums converge absolutely on R.

Moreover, if A € N, then the infinite sum in the expression of vi(t) is a polynomial and for
ag = L5120, we have v1 (1) = e 8L V2 (1214).

Proof. This follows from Propositions 5.4 and 5.6. O

Proposition 5.9
For A € R fixed, the SL equation

u”(t)+(1—t—2) v+ Av(t)=0, t=0
4 16 S

with initial conditions
v(0) =0, V() =1

has a unique solution given by ¢(t,A) = c- v1(t) for some c € R\ {0}. This solution is square-
integrable on [0, +00) if and only if A € N.

Proof. We show that

k-7

D12 k=0

—218 v Ak ok
vi()=e ") — 1, ag eR\{0}, agsy =
k=0 4
is square-integrable on [0, +00) if and only if the sum is finite (which is the case if and only if
A €N). If the sum is finite, this is square-integrable on [0, +o0) since for any n € N : et <
e~ " when t > 0 is large enough. If the sum is not finite, then A ¢ N and for all k large enough,
the ay’s have the same sign. Without loss of generality, this sign is positive (otherwise, con-
sider —v; (1)). In particular, there exists ky € N such that for all k = ky, we have

Ajey1 = ai>0

2(k+1)
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5.2. Laguerre polynomials

which then implies

1 L _C
k(=D (ot 1) 0= 2kp

ay = Vk>ky

for some constant C = C(ky) > 0. Therefore, we can rewrite v;(¢) as

V1 (£) = o118 Z ak 2k _ C & g2k 08 i o118 Z
! 8kl e i skk'
>e ! ’8P(t)+c

where P(t) is a polynomial of degree at most 2ky. This proves that v; (£) is not square-integrable
on [0, +00). O
Corollary 5.10

The set of normalized eigenfunctions

2787 (=1/2) 2 e
e L (t°/4)
{Un(t)}flo:oiz{ _2/8 (—1/2;1 2 }
lle= /8Ly " (11 4) 12 (10, +00))

forms an orthonormal basis for L2([0, +00),F).
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